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Practice exam paper  

1 a The directrix lies at x = 6, therefore 6p
e

± =   

The focus lies at (3, 0), therefore 3pe± =  

3 6ppe
e

× = ×  
2 18p =  

3 2p =  as required 
 
 b (0, 3) lies on the ellipse, therefore: 

  2

90 1 3q
q

+ = ⇒ = ±  

 

2 a 
2

2 e e1 2sinh 1 2
2

x x

x
− −

+ = +  
 

 

2 2e 2 e1 2
4

x x− − +
= +  

 
 

2 21 11 e 1 e
2 2

x x−= + − +  

( )2 21 e e
2

x x−= +  

cosh 2x=  as required 
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2 b cosh 2 2sinh 16 0x x− − =  
21 sinh 2sinh 16 0x x+ − − =  

2sinh 2sinh 15 0x x− − =  
( )( )sinh 5 sinh 3 0x x− + =  
sinh 3 or sinh 5x x= − =  
When sinh 3x = −  

e e 3
2

x x− −
= − 

 
 

e e 6x x−− = −  
2e 1 6ex x− = −  
2e 6e 1 0x x+ − =  

Let y = ex
 

2 6 1 0y y+ − =  

( )23 10 0y + − =  

3 10y + = ±  
3 10y = − ±  

Since y = ex 
e 3 10x = − ±  

( )ln 3 10x = − +  

When sinh 5x =  
e e 5

2

x x− −
= 

 
 

e e 10x x−− =  
2e 1 10ex x− =  
2e 10e 1 0x x− − =  

Let y = ex
 

2 10 1 0y y− − =  

( )25 26 0y − − =  

5 26y − = ±  
5 26y = ±  

Since y = ex 
e 5 26x = ±  

( )ln 5 26x = +  

 

3 a ( ) ( )
1 1

2 22 2d 19 2 9
d 2

x x x
x

− 
− = − ⋅ − 

 
 

           
( )

1
2 29

x

x
= −

−
 

( ) 

1
2 2

2
d 9

9
x x x c

x
= − − +

−
∫  
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3 b  

3

2
0

d
9

n

n
xI x

x
=

−
∫  

  

3 1

2
0

d
9

nx x x
x

− ⋅
=

−
∫  

Let ( )1 2d 1
d

n nuu x n x
x

− −= ⇒ = −  

Let ( )
1

2 2
2

d 9
d 9
v x v x
x x
= ⇒ = − −

−
 

( ) ( ) ( )  

3 31 1
1 2 2 22 2

00

9 1 9 dn n
nI x x n x x x− − 
= − − + − − 
 

∫  

( )
31

1 2 2

0

9 0nx x− 
− − = 
 

 

Therefore: 

( ) ( )  

3 1
2 2 2

0

1 9 dn
nI n x x x−= − −∫  

( ) ( )
( )

 

2 23

1
20 2

9
1 d

9

nx x
n x

x

− −
= −

−
∫  

( )
( )

 

3 2

1
20 2

91 d
9

n nx xn x
x

− −
= −

−
∫  

( )
( )

( )
( )

  

3 32

1 1
2 20 02 2

9 1 d 1 d
9 9

n nx xn x n x
x x

−

= − − −
− −

∫ ∫  

( ) ( )29 1 1n nn I n I−= − − −  

( ) ( ) 21 9 1n n nI n I n I −+ − = −  

( ) 29 1n nnI n I −= −  

( )
2

9 1
n n

n
I I

n −

−
=  
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3 c ( )
4 2

9 4 1
4

I I
−

=  

2
27
4

I=  

0
27 9
4 2

I =  
 

 

0
243
8

I=  

 

3 0

0 2
0

d
9
xI x

x
=

−
∫  

 

3

2
0

1 d
9

x
x

=
−

∫  

3

0

arcsin
3
x  =     

 

( ) ( )arcsin 1 arcsin 0= −  
π
2

=  

Hence: 

4
243 π
8 2

I = ×  

 243 π
16

=  

 
4 a Let arsinh2y x=  

sinh 2y x=  
dcosh 2
d
yy
x
=  

d 2
d cosh
y
x y
=  

 
2

2
1 sinh y

=
+

 

 
2

2
1 4x

=
+

 

( ) ( ) ( )d d darsinh2 arsinh2 arsinh2
d d d

x x x x x x
x x x

= +  

             
2

2arsinh2
1 4

xx
x

= +
+
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4 b  

22

2
0 0

2arsinh2 d arsinh2
1 4

xx x x x
x

 
= + 

+ 
∫  

( )
2

2

2
0

2ln 2 4 1
1 4

xx x
x

 
= + + + 

+ 
 

( ) ( )2 2ln 2 2 3 ln 1 0
3

 
= + + − +    
 

 

( ) 2 2ln 2 2 3
3

= + +  

 

5 d dcosh 2 2sinh 2 4sinh cosh
d d

x xx θ θ θ θ
θ θ

= ⇒ = ⇒ =  

d4sinh 4cosh
d

yy θ θ
θ

= ⇒ =  

Using 
2

1

2 2d d2π d
d d

x yS y
θ

θ

θ
θ θ

   = +   
   ∫  gives: 

( ) ( )
1

2 2

0

2π 4sinh 4sinh cosh 4cosh dS θ θ θ θ θ= +∫  

    

1
2 2 2

0

8π sinh 16sinh cosh 16cosh dθ θ θ θ θ= +∫  

   ( )  

1
2 2

0

8π sinh 16cosh sinh 1 dθ θ θ θ= +∫  

    

1
2

0

32π sinh cosh sinh 1dθ θ θ θ= +∫  

    

1
2

0

32π sinh cosh dθ θ θ= ∫  

   
1

3

0

132π cosh
3

θ =   
 

   ( )( )332 π cosh 1 1
3

= −  
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6 a 
1
2
2

A
 
 − 
 − 

, 
7
0
3

B
 
 
 
 − 

 and 
4
4
0

C
 
 
 
 
 

 

AC OC OA= −
  

 

  
4 1
4 2
0 2

   
   = − −   
   −   

 

  
3
6
2

 
 =  
 
 

 

BC OC OB= −
  

 

  
4 7
4 0
0 3

   
   = −   
   −   

 

  
3

4
3

− 
 =  
 
 

 

3 6 2
3 4 3

AC BC× =
−

i j k
 

 

( ) ( ) ( )18 8 9 6 12 18= − − + + +i j k   
10 15 30= − +i j k  

 

 b Area ABC 1
2

AC BC= ×
 

 

   1 10 15 30
2

= − +i j k  

   ( )22 21 10 15 30
2

= + − +  

   35
2

=  
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6 c 
10 1 10
15 2 15

30 2 30

     
     ⋅ − = − ⋅ −     
     −     

r  

  10 30 60= + −  
10
15 20

30

 
 ⋅ − = − 
 
 

r  

2
3 4

6

 
 ⋅ − = − 
 
 

r  

 

7 i 
5

2
0

1  d
15 2

x
x x+ −

∫  

( )2215 2 15 1 1x x x+ − = − − +  

       ( )216 1 x= − −  
Therefore: 

( )

5 5

2 2
0 0

1 1 d  d
15 2 16 1

x x
x x x

=
+ − − −

∫ ∫  

Let 1 d du x u x= − ⇒ = −  
When x = 0, u = 1 
When x = 5, u = −4 

( )

5 4

2 2 2
0 1

1 1 d  d
416 1

x u
ux

−

= −
−− −

∫ ∫  

4

1

arcsin
4
u

−
  = −     

 

1

4

arcsin
4
u

−

  =     
 

( )1arcsin arcsin 1
4

 = − 
 

 

1 πarcsin
4 2

 = − 
 

 

 

 ii a e e e e5cosh 4sinh 5 4
2 2

x x x x

x x
− −   + −

− = −   
   

 

  5 5e e 2e 2e
2 2

x x x x− −= + − +  

  1 9e e
2 2

x x−= +  

  
2e 9
2e

x

x

+
=  
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7 b    2

1 2ed d
5cosh 4sinh e 9

x

xx x
x x

=
− +∫ ∫  

              2

e2 d
e 9

x

x x=
+∫  

Let  e d e dx xu u x= ⇒ =  

   2 2 2

e 12 d  = 2 d
e 9 3

x

x x u
u+ +∫ ∫  

  

1 = 2 arctan
3 3

u c   +    
 

  

2 e = arctan
3 3

x

c
 

+ 
 

 

 

8 a 
1 0 3
0 2 1

0 1k

 
 = − 
 
 

M  and 
6
1
6

 
 
 
 
 

 is an eigenvector of M 

1 0 3 6 6
0 2 1 1 1

0 1 6 6k
λ

    
    − =    
    
    

 

6 0 18 6
0 2 6

6 0 6 6k

λ
λ
λ

+ +   
   − + =   
   + +   

 

24 6
4

6 6 6k

λ
λ
λ

   
   =   
   +   

 

Equating the middle elements gives λ = 4 

Hence 4 is an eigenvalue corresponding to 
6
1
6

 
 
 
 
 

 

 
 b Equating the lower elements gives: 
  6 6 24 3k k+ = ⇒ =  
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8 c 
1 0 3
0 2 1
3 0 1

 
 = − 
 
 

M  

1 0 3
0 2 1
3 0 1

λ
λ λ

λ

− 
 − = − − 
 − 

M I  

( ) ( ) ( )( ) ( ) ( )det 1 2 1 0 0 0 1 3 3 0 3 2λ λ λ λ λ λ− = − − − − − − − − + − − −          M I  

  ( )( )( ) ( )1 1 2 9 2λ λ λ λ= − − − + + +  

  ( ) ( )( )2 1 1 9λ λ λ= + − − − +    

  ( ) ( )22 1 2 9λ λ λ = + − − + +   

  ( )( )22 8 2λ λ λ= + + −  

  ( )( )( )2 2 4λ λ λ= + + −  

( )det 0λ− =M I  

( )( )( )2 2 4 0λ λ λ+ + − =  
2 or 4λ λ= − =  

Hence M has only two eigenvalues, −2 and 4 
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8 d 1
2 1:

1 3 4
x y zl − +

= =
−

 

Written in vector form this is: 
2 1
0 3
1 4

λ
   
   = + −   
   −   

r  

1 0 3 2 2 0 3
0 2 1 0 0 0 1
3 0 1 1 6 0 1

+ −    
    − = + −    
    − + −    

 

     
1
1

5

− 
 = − 
 
 

 

1 0 3 1 1 0 12
0 2 1 3 0 6 4
3 0 1 4 3 0 4

+ +    
    − − = + +    
    + +    

 

     
13
10
7

 
 =  
 
 

 

2

1 13
: 1 10

5 7
l λ

−   
   = − +   
   
   

r  

or 

2
1 1 5:

13 10 7
x y zl + + −

= =  


