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Review exercise 2

1 The integrating factor is

Igd‘ _ 41; _ It _ .4
er =e"M=e" =x |
Multiply the equation throughout by x*
dy
4

If the differential equation has the form

d . '
el + Py = Q, the integrating factor is e
dx

xt == +4x’y =6x" —5x"
dx

%(x“y) =6x° —5x*

x'y=[(6x =5xH)dx=x"-x"+C

For any function f(x),e™ ™ =f(x).

It is important that you remember to add the

constant of integration. When you divide by x*
2 C the constant becomes a function of x and its
y=x —-x+— . .
X omission would be a significant error.

2 The integrating factor is

e Int

e ¥ =e¢ "=e *=

A= |~

For all n, nlnx =Inx", so forn = 1,

Multiply the equation throughout by 1
X

1
—Inx=Inx" =ln—.
x

The product rule for differentiating, in this case

d 1 dy 1 1 .
—| yx—|=-—"x—+yx——,enables you to write
dx X dx x X

the differential equation as an exact equation, where
one side is the exact derivative of a product and the
other side can be integrated with respect to x.
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dy
+)—+2y=
3 (x )] y

1
X . dy
If the equation is in the form R—+ Sy =T, you
dy N 2 1 dx
i Y+l x(x+1) must begin by dividing throughout by R, in this

case (x + 1), before finding the integrating factor.

The integrating factor is

Iﬁdx 2In(x+1) In(x+1)2 2
e =e =e =(x+1)

Multiply throughout by (x + 1)?

d +1
(x+l)2—y+2(x+l)y=x < To integrate x+l,write x+l=£+l=1+l.
dx X x X ox X x
d( 2 1
—((x+1 ):l+—
dx ( ) 4 X

(x+1)2y=.[(l+ljdx=x+lnx+C
X

You divide throughout by (x + 1)? to obtain the
x+Inx+C equation in the form y = f(x). This is required by
Yy=——"—"2

(x+ 1)2 the wording of the question.

4 The integrating factor is eI o

. Here we have that
sin x
tanxdx:I dx=—Incosx=1In =Insecx f'(x o o
I COS X COS X I%))dx =Inf(x).As—sinx is the derivative
< X
Hence —si
of cos x, [ Y dx = Incos x.
[lanxdr  jpeer cos x
e =e =Ssecx
Multiply the differential equation throughout by sec x
d X X
secx—2 + ysecx tan x = " sec x cos x =
dx SEC X COS X = xcosx =1
COsS x

d 2x
—(ysecx)=¢
& (ysecx)

er

2x
secx=|e"dx=—+C
y | :

Multiply throughout by cos x

2x
€
=|—+C |cosx

y=2atx=0 < The condition y = 2 at x = 0 enables you to
3 evaluate the constant of integration and find the
2=—+C=>C=— particular solution of the differential equation for
2 2 these values.

y =%(e“ +3)cosx
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5 The integrating factor is ej Feorzrdy
I2cot2xdx :Izéo—?dx — Insin 2x
SINZXx

Hence

2cot2xdx . .
ej =™ —gin2x

Multiply the differential equation throughout by sin 2x

. dy . .
sin 2xa +2ycos2x=sinxsin2x < Using the identity sin 2x = 2 sin x cos x.

%(ysinbc) =2sin’ xcos x

d
As o« (sin®*x) = 3sin®x cos x, then

) 2sin’ x
ysin2x = +C
2 ) in’
. [sin” xcosdx = . It saves time to
2sin’ x C
y=— +— . . . .
3sin2x  sin2x find integrals of this type by inspection.

However, you can use the substitution
sin” = s if you find inspection difficult.
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(l+x)%—xy =xe "

d X xe "
X _Xx (1)
dx 1+x 1+x <
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NN
The integrating factor is ej b

x _lex-l_ 1

l+x  l+x

Hence

[-=—dv=x-In(+x)
I+x

and the integrating factor is

—x+In(l+x) __

e —xeln(l+x)

e =e¢ +(1+x)

Multiplying (1) throughout by (1+x)e™
L dy - -2
I+x)e " ——xe 'y=xe "
(+x)e y

%( y(l+x)e™ ) =xe "

d
If the equation is in the form R ay +Sy =T,

you must begin by dividing throughout by R, in this
case (1 + x) before finding the integrating factor.

1+x \

To integrate an expression in which the degree of
the numerator is greater or equal to the degree of
the denominator, you must transform the
expression into one with a proper fraction. This can
be done using partial fractions, long division or, as
here, using decomposition.

y(1+x)e™ = [xe"dx <

You integrate x e * using integration by parts.

2 2 4
¢ ¢ 612: _ e—Zx—(—x) — e—2x+x —e*
xefzx efzx C e

y=- e —t -

20+x)e™ 4(d+x)e" (I+x)e™™

_xet e N Ce"

20+x) 4(1+x) (A+x)

y=latx=0

1:0—1+C:>C:é
4 4

S5e* xe " e’

This expression could be put over a
common denominator but, other than
requiring that y is expressed in terms of x,
the question asks for no particular form and

YT 40+ 20+x) 41+x)

this is an acceptable answer.
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7 a Dividing throughout by cos x
g g y Here we use
dy sinx f' .
Eer y = cos’ x 1) j%dxﬂnf(x). As—sinx
cosx
sinx —sinx is the derivative if cos x,
.[ dxz—.[ dx =—Incosx =1In =Insecx _sinx
cosx COS X COS X -[ dx =—Incos x.
COsS x
Hence the integrating factor is "% :W
Multiply (1) by sec x Asln1=0,
dy sin x 5 —Incosx=Inl-Incosx=1In ! ,
secx——+secx Yy =C0S8” xsecx cos x
COoS X
d using the log law Ina—Inb :111%.
4 (secxtanx)y=cosx

secx—+
dx

a(ysecx):cosx
ysecx='[cosxdx=sinx+C

Multiplying throughout by cos x

y=sinxcosx+ Ccosx

Where cosx=0and 0<x<2n \

. —

2
The points (% ,Oj and (37%, Oj lie on all of the

T
xX=—,
2

solution curves of the differential equation.

In general, for a given value of x, different
values of ¢ give different values of y. However,
if cos x = 0, the ¢ will have no effect and y will be
zero for any value of c.

y =sInXxcosx+cosx
Atx=0,y=0
0=0+C=C=0

o e
Yy =sinxcosx =-sin2x ‘ 

YA

po|—

<Eﬁ
)
3
=Y

Using the identity sin 2x = 2sin x cos x.
sin 2x is a function with period 7. So
the curve makes two complete
oscillations in the interval 0<x <2n
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8 a The integrating factor is

I2dx _ o

Solution Bank

Multiplying the differential equation throughout by e**

e Y, 2"y = xe™
dx

d 2x 2x
—_— € =X€
& (ye')=x

ye* = jxez"dx

X e2x

2

x 1 5
=———+Ce™"
4 4

2x 2x
e
2 4

er
_.[de:

o

Integrate by parts.

y=latx=0

1=0-1+C=C=3
x 1 Se™

y=———+

T2 4 4

This is the particular solution of the
differential equation for y =1 at
x=10. You are asked to sketch this in
part c.

For a minimum QzO
dx
—2x
bl e e oimer s
dx 2 2

Ine** =In5=2x=In5

x=7In5

At the minimum, the differential equation reduces to

The differential equation is % +2y=x. At

2y =X <
Hence
y=3x=7In5
&y

Tx 5¢* >0 for any real x
X

This confirms the point is a minimum.

The coordinates of the minimum are (%ln 5,5In 5).

YA

1 1
(21n5,41n5)

L/

—

>
>

X

Q
N

x 1.
\ y=o - lsan asymptote of the curve.

the minimum, % =0 and so 2y = x. If you
did not see this you could, of course,
substitute x zéln 5 into the particular

solution and find y. This would take longer
but would gain full marks.

As x increases, € > — 0 and so

—2x
R 52 —l, This means that
2 4 4 2 4

x 1

This has been drawn on the graph. It is not
essential to do this, but if you recognise
that this line is an asymptote, it helps you
to draw the correct shape of the curve.
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9 The auxiliary equation is
m’ +4m+5=0
m’ +4m+4=-1
(m+2)* =-1
m=-2%i

Solution Bank

The general solution is

O =e(Acost+ Bsint)

A

If the solutions to the auxiliary equation are o+ 143,
you may quote the result that the general solution of
the differential equation is e®. (A4 cos St + Bsin St).

t=0,0=3
3=4 <
40 Using sin 0 =0 and cost 0= 1.
W —2e*(Acost+ Bsint)+e ' (-Asint + Bcost)
(=099 _ ¢
dr
—-6=-24+B <«
B=24-6=0 <« Asd=3

The particular solution is

6 =3¢ cost

dy

10 a y=3xsin2x = — =3sin2x+6xcos2x

= =
=12cos2x—12xsin2x
Substituting into the differential equation

12c0s2x — 12581 2x + 1258 2x =k cos 2x

Hence
k=12

2
dy =6c0s2x+6c0s2x—12xsin2x /

Use the product rule
for differentiating.
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10 b The auxiliary equation is
m +4=0
m =121
The complementary function is given by If the solutions to the auxiliary equation are
y = Acos2x + Bsin2x < m = = ¢i, you may quote the result that the

11 a

From a, the general solution is

y=Acos2x+ Bsin2x+3xsin2x

complementary function is 4 cos ax + Bsin ax.

<4— Part a of the question gives you that 3x sin 2x is
a particular integral of the differential equation
and general solution = complementary function +
particular integral.

x=0,y=2
2=4
LI

4772
T AcosE+BsinZ +3xZsint
2 2 2 4 2
2 4 4 7

The particular solution is

y= 200s2x—%sin2x+ 3xsin2x

2
yza+bx:>£=band d—J;=O
dx dx

Usecos£=0andsin E=1.
2 2

Substituting into the differential equation

0-4b+4a+4bx=16+4x
Equating the coefficients of x
4b-4=>b=1

Equating the constant coefficients
—4b+4a=16

—4+4a=16=>a=5

Useb=1.

A

a=5b=1
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11 b The auxiliary equation is
m’ —4m+4=0
(m=2)*=0

m = 2,repeated

The complementary function is given by

If the auxiliary equation has a repeated root ¢,
y= e (A+ Bx) < then the complementary function is e* (4 + Bx).
You can quote this result.

The general solution is

general solution = complementary
function + particular integral.

y=e"(A+Bx)+5+x <

y=8 x=0
8=A4A+5=>A4=3

Q:ze“(A+Bx)+Be“+1
dx

9=24+B+1=>B=8-24=2 < Use A =3

The Particular solution is

y=e"(3+2x)+5+x
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12 a The auxiliary equation is
m’ +4m+5=0
m’ +4m+4=-1
(m+2) =-1
m=-2%*i

The complementary function is given by
y=e""(Acosx+ Bsinx)

For a particular integral, let y = pcos2x+¢sin2x

If the right hand side of the second order
dy . \ differential equation is a sine or cosine
dr —2psin2x+2qcos2x function, then you should try a particular
dzy integral of the form p cos wx + ¢ sin wx,
ol =—4pcos2x—4gsin2x with an appropriate @ . Here @ =2.

Substituting into the differential equation

—4pcos2x —4gsin2x —8psin2x +8gcos2x + 5pcos2x + 5¢sin2x = 65sin 2x
(—4p+8g+5p)cos2x+(—4g —8p+5¢)sin2x = 65sin2x

Equating the coefficients of cos 2x and sin 2x

CoS2Xx: —4p+8¢g+5p=0=>p+8¢=0
sin 2x: -4g-8p+5g=65=-8p+q=065
8p+64g=0
65¢=65=¢q=1

Substitute ¢ = 1 into (1)
p+8=0=p=-8
A particular integral is —8cos2x +sin2x

The general solution is

y=e""(Acosx+ Bsinx)+sin2x—8cos2x

The coefficients of cos2x and sin
2x can be equated separately. The

D+ coefficient of cos2x on the right
(2) hand side of this equation is zero.
(3)

—X

Multiply (1) by 8 and add the result to (2).
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13a

y —>sin2x—8cos 2x <
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Let
sin2x—8cos2x = Rsin(2x — )

= Rsin2xcosa —Rcos2xsina
Equating the coefficients of cos 2x and sin 2x
I=Rcosa... 4)
8=Rsina.. (5

R*cos’a+R*sina=1"+8 =65

Add (4) squared to (5) squared and
=65= R65 4// use the identity cos? & + sin® & = 1.

Rsina 8§

0| x

The graph of e against x has
this shape. As x becomes larger
e is close to zero, so € >

(4 cos x + B sin x) is also small.

=——=tana =8 <
Rcosa 1

Divide (5) by (4).

Hence, for large x, y can be approximated by the sine function J65 sin (2x — a), where

tan =8 (a~82.9%)

The auxiliary equation is
m’ +2m+2=0
m* +2m+1=-1
(m+1)* =—
=-1=%i
The complementary function is

y=¢"'(Acost+ Bsint)

A

Try a particular integral y =ke™

d—y:—ke” Q:ke"

ds T dr
Substituting into the differential equation
ke' —2ke" +2ke" =2¢” <

If the right hand side of the differential

at+b

equation is Ae“**, where Ais any

constant, then a possible form of the

at+b

particular integral is ke

k=2k+2k=2=k=2
A particular integral is 2¢”
The general solution is

y=¢e"'(Acost+Bsint)+2e™

Divide throughout by €.
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1=4+2=>A4=-1
dy _
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Substitute the boundary condition
v =1, t =0 into the general solution gives

you an equation for one arbitrary constant.

o

—=—¢'(Acost+Bsint)+e¢ ' (-Asint + Bcost)—2e”’

dt

LLt=0
dt

l=—A+B-2=B=3+4=2

The particular solution is

y=¢e"'(2sint—cost)+2e”

14 a The auxiliary equation is

<

\

Use the product rule for differentiating.

As A=-1.

m’ +2m+5=0 <
m’ +2m+1=-4
(m+1)° =—4
m=-1%+2i
The general solution is

x=¢"'(Acos2t+ Bsin2t)

b x=1,¢t=0
1=4
E:
-0
dt

the qu

You may use any appropriate method to solve

adratic. Completing the square works

efficiently when the coefficient of m is given.

Use the product rule for differentiation.

—

—e ' (Acos2t+ Bsin 2t)+ 2e™' (—Asin 2t + B cos 2t)

1=—A+2B=2B=A4+1=2=B=1

The particular solution is

x = e (cos 2t +sin 2t)

A

Both 4 and B are 1.
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15a

The curve crosses the f-axis where

@ Pearson

¢ ' can never be zero.

e '(cos2t+sin2t) =0 <
cos2t+sin2¢t=0
sin2¢ = —cos2¢

Divide both sides by cos2¢ and

tan2z = -1 < use the identity tan § = smé).
3t T cosé
2=—,—
4 4
_3m
8 8

The boundary conditions give you that at
t =0, x =1 and the curve has a positive

The auxiliary equation is

2m* +Tm+3=0
Qm+1)(m+3)=0

m=—+,-3
The complementary function is given by

y=Ae +Be™

d
<

gradient. The curve must then turn down
and cross the axis at the two points where
=3 and

8 8

t

If the auxiliary equation has two real
solutions «r and S the complementary

For a particular integral, try y=at’ +bt+c
d’y

function is y = 4e” + Be”. You can

quote this result.

d—y=2at+b,—2:2a \
dt dt

Substitute into the differential equation

4a+14at+7Tb+3at” +3bt+3c=3t> +11¢

If the right hand side of the differential equation
is a polynomial of degree #, then you can try a
particular integral of the same degree. Here the
right-hand side is a quadratic, so you try the

general quadratic at® + bt +c.

3at’ + (14a+3b)t+4a+7Tb+3c=3t> +11¢

Equating the coefficients of ¢’

3a=3=a=1 Use a=1.
Equating the coefficients of ¢ 4 

l4a+3b=11=3b=11-14a=-3=>b=-1
Equating the constant coefficients
4a+7h+3c=0=>3c=-4a-7Th=3=c=1

A particular integral is ¢ —¢ +1.

The general solution is y = A4 e +Be +1 —1+1.

Use a=1and b=-1.
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15b y=11=0

16 a

1=A+B+1= A+B=0 1)

Q:—%Ae’%t—38e’3’+2t—l <

Solution Bank
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Differentiate the general solution

dt

—=17=0
dt

1=—3A4A-3B-1=5A4+3B=-2 (2)
A+6B=-4

5 B=-4=B=-1%

Substituting B = +into(1)

A-3i=0=> 4=

4
5
4

5

Ly

The particular solution is y = %(e'f —e™ ) +2—t+ 1.

When =1, y :g(ef% —e’3)+1 ~1.45 (3sf)

Let y =Axcos3x

in part a with respect to .

3) Multiply (2) by 2 and then
subtract (1) from (3).

Use the product rule for differentiation

Q =Acos3x—3Axsin3x <
dx

4y

o
=—6Asin3x —9Axcos3x

3Xsin3x —3Asin3x —9Ax cos 3x

Substituting into the differential equation

—6/.8in3x — 94%€0S3x + 9ixe0s3x =—12sin3x

Hence
A=2
The auxiliary equation is

m+9=0=>m’=-9
m==%3i

The complementary function is given by

y = Acos3x+ Bsin3x

The general solution is

% (xsin3x) = %(x) sin3x+x %(sin 3x)

=sin3x+ 3xcos3x

y=Acos3x+ Bsin3x+2xcos3x <

Part a shows that 2xcos3x is a particular
integral of the differential equation and general
solution = complementary function + particular
integral
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16¢c y=1,x=0
1=4

dy ) ) Differentiate the general solution in
. =-3Asin3x+3Bcos3x +2cos3x — 6xsin3x «————— part b with respect to x.

2=3B+2=B=0
The particular solution is

y=cos3x+2xcos3x=(1+2x)cos3x

d For x> 0, the curve crosses the x-axis at cos3x =0
7w 3n 5n 7w Sn

X=—,—, X=—=,—,
2 2 2 6 2 6

The boundary conditions give you thatat x=0, y =1
YA

A

and the curve has a positive gradient. The curve must

then turn down and cross the axis at the three points

y=8w T T St

where x =—, —and —.
6 6

The (1+ 2x) factor in the general solution means that

—_

Q
C)
[RCIE

(5}
o
=Y

the size of the oscillations increases as x increases.

17a If y=Kt’e"

d
d—y —2Kte" +3Ki> e
t
dzy 3¢ 2 3t 3¢ 2 3¢
—5 =2Kte" +3Kt" e" +6Kte” +9Ki" e
ds e’ cannot be zero, so you can

=2Ke" +12Kte’ +9Kt* e divide throughout by e .

Substituting into the differential equation

2K ¢ + 12Kr€" + KR — 12Kr€" — IBKte” + OKte) =4de”

Hence
2K =4=K =2

2t* " is a particular integral of the differential equation.
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17b The auxiliary equation is
m —6m+9=0
(m—3)"=0

m =3, repeated

The complementary function is given by

If the auxiliary equation has a repeated

y= & (A+ Bt) - root ¢, then the complementary function

a

The general solution is

is € (A4 + Bt). You can quote this result.

y=e"(4+Bt)+2t°e” =(A+Bt+2t*)e”

¢ y=3,1=0
3=A4
d_

v (B+4t)e” +3(A+ Bt +2t*) e’
t

As A=3.

Q:I,t:O ‘_ 
dt

1=B+34=B=1-34=B=-8

The particular solution is y = (3—8¢+2¢%)e”

d This particular solution crosses the z-axis where

1-3t+2 =(1-2t)(1-1)=0
t=1,1
YA

For a minimum d_y =0

(3+41)e” +(1-3t+2t*)3e* =0 <
3+4t+3-9t+6 =0

3
e” cannot be zero, so you can

divide throughout by e*.

61" =5t =1(6t—5)=0=>1=0, 2

From the diagram 7 =2 gives the minimum. It is clear from the diagram that there is a
]
At t= % minimum point between ¢ =1 and ¢ =1.
2\ 3x8 s You do not have to consider the second
y= 1—3><i+2><(i) et =—1lg2 o . "
6 6 9 derivative to show that it is a minimum.

The coordinates of the minimum point are
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18 a The auxiliary equation is
2m* +5m+2=0
2m+1)(m+2)=0
m=—+,—-2
The complementary function is given by
x=Ae* +Be™
For a particular integration, try x = pt+g¢q
@ @
e dr

Substituting into the differential equation

0+Sp+2pt+2qg=2t+9
Equating the coefficients of ¢
2p=2=p=1

Equating the constant coefficients

5p+2q=9:>q=9_%:>q=2

A particular integral is ¢+ 2

The general solution is

x=Ade ' +Be 2 +1+2

Solution Bank

@ Pearson

If the auxiliary equation has two real
solutions r and S the complementary
function is x = Ae“ + Be”. You can

quote this result.

If the right hand side of the differential equation
is a polynomial of degree n, then you can try a
particular integral of the same degree. Here the
right-hand side is linear, so you try the general
linear function pt+gq.

Differentiating the general

b x=3,¢t=0
3=A+B+2=A+B=1 1)
——_lde-2Be+1 <
dr
&y
dr

1=—14-2B+1=14+2B=2 (2)
A+4B=4  (3)

solution in part a.

Multiplying (2) by 2 and subtracting

3B=3=B=1 / (1) from (3).

Substituting B =1 into (1)
A+1=1=A4=0

The particular solution is

x=e X +1+2
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19a If x=At*e”

dr _ 2Ate™ — At* e
ds
2
% =2Ade"' —2Ate —2Ate” + At e
t
=2Ade"' —4Ate” + At’e™

Substituting into the differential equation

/
247 — 44T + AT+ 44PT - TARe + ATl =¢”

Hence

24=1=>A4=1

b The auxiliary equation is
m*+2m+1=(m+1)> =0
m = —1, repeated

The complementary function is given by

¢’ cannot be zero, so you can

divide throughout by €¢™'.

x=¢"'(A+Bt) <
The general solution is

x=e¢'(Ad+Bt)+1re" =(A4+Bt+1r’)e”

x=11t=0

1=4

dx

— =B+t —(A+Bt+1t’)e”
= (B+ne=( i)
%=0,t=0

dt

0=B-A=B=A4=1
The particular solution is

x=(141+47)e”

If the auxiliary equation has a repeated
root ¢, then the complementary function
is e (A + Bt). You can quote this result.

2 -t

From part a, +¢°¢”™" is a particular

integral of the differential equation.

dx
— =(1+t)e" —(1+t+1¢*)e”
P (1+0)e” —( i)

=-1¢’" <0, forallreal?.

When ¢ =0, x =1and x has a negative gradient

4

\

1

0

=Y

for all positive ¢, x is a decreasing function 4] The graph of x against 7, shows the curve crossing

of ¢. Hence, for ¢ > 0, x <1, as required.

the x-axis at x = 1 and then decreasing. For all
positive ¢, x is less than 1.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.
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2
20a y:bc:Q:k:d—J;:O
dx dx
2
Substituting into %+ y=3x

0+ kx =3x
k=3

b The auxiliary equation is
m’ +1=0=>m=1i
The complementary function is given by
y=Asinx+ Bcosx
and the general solution is

y=Asinx+ Bcosx+3x

y=0,x=0 In part b, only one condition is given, so only
0=B+0=B=0 one of the arbitrary constants can be found.
.. The solution is a family of functions, some of
The most general S(:lutlonls/ which are illustrated in the diagram below.
y=Asinx+3x
c Atx=m

YA
y=Asinn+3n=3n

This is independent of the value of 4. 37

Hence, all curves given by the solution in
part a pass through (m, 3m).

]

d Fo =z 7
- Acosx+3 ?
dx As is illustrated by this diagram, the family
At x = n of curves y = Asinx+3x all go through
2 (0, 0) and (=, 3w). The tangent to the curves
dy i T
—=Acos—+3=3 at x =— are all parallel to each other.
dx 2 2

This is independent of the value of 4.

Hence, all curves given by the solution in

part a have an equal gradient of 3 at x = %

7T
d y=0,x==
Y 2

Substituting into y = 4sin x + 3x
O=Asin£+ﬁ:A+3—n:>A:_3_7t
2 2 2 2

The particular solution is
y=3x— 3n sin x
2
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20 e For a minimum

Q=3—377Icosx=0

dx
2 2
COSX =— = X =arcos| —
T T
d’ 3n .
)2; =—SInx
dx 2
. L 2 . .
In the interval 0 <x < E , cosx = — has an infinite number of
T
2 solutions. This shows that the solution in
—J; > (0 = minimum the first quadrant gives a minimum as
dx sin x is positive in that quadrant.
2
. n -4
sin x=1-cos’x=1-—=—
T T
. T
In the interval 0 <x < 3

n n

(2} 3n Nn'-4

y=3arcos| — |——x———
n n

= 3arcos (EJ - %\/nz —4, as required.
n
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21a

— 1 1
y—;u—;x

Differentiate throughout with respect to x

dy ldu 1
dx 2dx 2
dy
a:x+2y < y:%(u—x):>2y=u—x
transforms to
ldu 1
————=Xx+u—-x=u
2dx 2
du
——1=2u
dx
du ~ This is a separable equation. You learnt how
a =2u+l1 < to solve separable equations in C4
1
I i du = Ildx < Separating the variables.
u
1
E Inu+1)=x+4 Twice one arbitrary constant 4 is another
In(2u+1)=2x+ B arbitrary constant, B = 24
n(Zu+1)=4°4x+
e = 2 — efe? = Ce™ e to an arbitrary constant is another
arbitrary constant.

Qu+l=4y+2x+1=Ce™ Here C = ¢?

_C e —2x -1 B This is the general solution of the

- 4 D original differential equation.
y=2atx=0

Cc-1
2=—-=8=C-1=C=9
4

B 9¢™ —2x—1 B This is the particular solution of the original

y= 4 - differential equation for which y=2at x=0

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.
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22a y=wx
dx dx

Substituting y =vx and Y = xﬂ +v into
dx  dx

equation (1) in the question

dv e (4x+vx)(x +vx)

2
X

_ X 4+v)(1+v)

X

=(4+v)(1+v)=4+5v+V°

x% =4+4v+v* =(2+v)’, as required.

1

Differentiating vx as a product,
d dv d

— () =—x+v—(x

" (vx) " & (x)

=x£+ v, as i(x) =1
dx dx

1
jm—v)zdwj;dx <

=lnx+c

This is a separable equation and the
first step in its solution is to separate
the variables, by collecting together
the terms in v and dv on one side of
the equation and the terms in x and dx
on the other side of the equation.

1
2+v
1 =
24v=-— <  J-(2+v)72dv=(2+v) _—

-1 2+v
1
v=-2-
Inx+c

y=w=v= L

X
Substituting v = 2 into the answer to part b

X

1
Y_ 4
X Inx+c Multiply throughout by x to

X . obtain the printed answer.

y =—-2x—-——— as required
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Differentiating vx as a product,

23a y=wx
sz—vtv <
dx dx

Substitute y =vx and Y = xﬂ +v into
dx dx
equation (1) in the question

xg+v=3x—4vx _/((3—4\/)

dx 4x+3vx_/((4+3v)

LA 3-4v _3-dv—4v-311 3-8v-3’

d

o)

=£x+vi(x)
dx dx

=x£+v, as i()c)=1
dx dx

This is a separable equation and in part
b you solve it by collecting together the

Y& 443 L 443w 413y

dv 3V +48v-3

terms in v and dv on one side of the
equation and the terms in x and dx on

X — =, as required the other side.
dx Jv+4 <
3v+4 6v+38 1 '
b [0 g2 dv=—[Lax | (£O
I 3% 18y — 3 I 32 +8v—3 I X j o) dx=1In f(x) is a standard formula you should
. know. As 6v+8 is the derivative of 3v* +8v—3,
—In(3v* +8v—-3)=—-Inx+ 4
2 [ gy =InGv? +8v-3)
2 3y +8v-3
In(3v" +8v—-3)=-2Inx+8B
=1In Lz +InC=In % An arbitrary constant B can be written
x X~ <4—— as the logarithm of another arbitrary
Hence constant In C.
C
3V2 +8v—-3= —
X
cC y=xv=>v= B
X

Substituting into the answer to part b

3_y2+8_y_3:£

2 2
X X X

—

Multiply each term in the

397 +8x—3x* =C

y=Tatx=1

3x49+56-3=C=C=200

Factorising the left hand side of the equation

By —x)(¥+3x) =200, as required.

equation by x?
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Differentiate both sides implicitly

24a u=y”
%——2><y’3xd—y <
dx dx
Hence
dy_ Yy
dx 2 dx

Substituting in equation (1) in the question

3
y d,u -x2_3
—=————2xy = x¢
72 dr Y y
Divide by )*
1 2 2
——d—'u+—)2€=x -
2dx y
AS ,Ll:—z
y
d,u 2
———+2xu=xe"
dr U

Multiply by (-2)

dﬂ 2 .
— —4xu=-2xe " ,as required
dx : 1

with respect to x

You transform this equation, making

Y the subject of the formula as
X

you need to substitute for j—y in (1)
X

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.
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24 Db The integrating factor of (2) is

eJ—4xdx _ e_zxz

Multiplying (2) throughout by e>*

12 d 942 42 _n,2 2.2
e ™" a’“—4x,ue = 2xe " xe =-2xe"

This integration can be carried

d e a2 out by inspection. As
a(,ue *y=-2xe™"

< %(e’“z) =—6xe™, then

2 2 l 2
—2x —3x —3x ) B
ue ——2Ixe dx-—3e +C J‘xe’“dx=—%e’“

Multiplying throughout by >

1
p=—e* +Ce*
3
C AS lLl = —
y
| S .
— =" +Ce*
y- 3
y=latx=0
1 2
I=2+C=C= g As no form of the answer has been
specified in the question, this is an
L — le*xz + 2 erz < acceptable answer for the
Yy 3 3 particular solution of (1)
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25a y=xv
—y=v+xﬂ <
dx dx
d’y dv dv d* dv d’v
— =t —+x—=2—+Xx—
d’ dx dx X de  dx’

2
Substituting for [ and d—); into (1)
dx

2
2 xd—‘;+2£ —Zx(v+x£J+(2+9x2)vx =x
dx dx dx

Use the product rule for differentiation

—(xv)=i(x)><v+x£=1><v+xﬂ
dx dx dx

2

IS jx%%—)/ﬁ—z L PR +9xy =
2

x3§+9x3v=x5 <

d*v

e 9y = x*, as required
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25b The auxiliary equation is

m +9=0=m*=-9
m==3i

The complementary function is given by

v=Acos3x+ Bsin3x

. . If the right hand side of the differential equation
For a particular integral, try v=px’ +qx+r <+—— is, polynomial of degree 7, then you can try a
particular integral of the same degree. Here the
d2 right hand side is a quadratic x?, so you try a

v
a =2px+q, y =2p general quadratic px” +qx +7r

Substituting into (2)
2p +9gx* +9gx +9r = x’

Equating coefficients of x*
Op=1=¢g= 1
p q 9

Equating coefficient of x

9¢=0=¢=0
Equating constant coefficients As p= 1
' 9
2 2
2p+9r=0=>9r=2p=—-=r=——
9 81
. . 1L, 2
A particular integral is —x” ——
9 8!
A general solution of (2) is
. 1 2 2
v=Acos3x+Bsm3x+—x" —— B Y
9 81 y=vXx=>v==—
X
y . » 2 . .
¢ —=Acos3x+Bsmn3x+—x"—— < The question does not ask for a particular
X 81 form of the answer in part ¢, so this would
be an acceleration answer.

) 1 2
y = Axcos3x+ Bxsin3x+—x’ ——x
9 81
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26a x=ro® 1A 1
de 2 212
%Z%Zzﬁ < Usei—L
202 < dr
by _dy dr _dy o4 ady -
dX dt dX < dt dr You obtain an expression for j—i

using the chain rule.

b Substituting x = Z% the result of part a and the
2

given 4 = 4zdf +2%in0 (1) 1 o
dx? der o dr [6;5——1}2;5=6t5x2ﬁ—#=12t—2

2

2 12 12
4¢ iy+2dy (61‘2—11}21‘2 Yty — are™

4t—+/% l2tdy /dy/lay 4t

s LA VR4 Y 6ty = are
dr’ dt

< Divide throughout by 4¢

dz—y+3ﬂ—4 =e”, as required
@ T T

¢ The auxiliary equation is
m’ +3m—4=m-1)(m+4)=0

m=1,-4
The complementary function is
y=Ae' +Be™

If the right hand side of the equation is e%,
you can try k£ e* as a particular integral.
d_y PV dzy YTARY This will work unless « is a solution of the
dr T d? auxiliary equation.

For a particular integral try, y =ke* <

2
Substituting into d—f +3 Z—y —4y =
t t

7 2t 7 2t P ..
%/ +6ke j‘*ke/ =€ < As e* cannot be zero, you can divide

2t
6k=1=k= i throughout by e

A particular integral is 1e*

The general solution of the differential equation in y and # is
y=Ae' +Be™

121

x=t=>t=x"
The general solution of (1) is

—4x? 1 2x?

y=Ae)rz +Be™" +ce
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27a x=Int:>—=;:>—=

dt

dx

dy dy dr th

A

Solution Bank

It is a common error to proceed from

d d d’y d d’

_ b Ly b dy

de df &~ dr df

This is incorrect because the left hand
side has been differentiated with respect
to x and the right hand side with respect
to ¢. The version of the chain rule given
here must be used.

e’ = e™" =1, using the log role n

In a=Ina" and "' =£(¢)

dx dt dr  dr
&, dv
dx dr
IRV RTEY
d  delde) de deldx
e
dr\  dr
2
e dr
2
=t d_g/ + tQ, asrequired
dt dt
¢ Substituting x = Int,y = tﬂ a
dx dr
d’y _,dy  dy
o : Fr +talnto @
vy
2
tzd dy -(1- 6t)tdy+10yt = 5¢* sin 2¢
/dZ /%+6t2 S 11062 = 5¢2 sin 2t
d2
?+6 t+10y 5sin2t, as required

After cancelling, divide
throughout by 72
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27d The auxiliary equation of (1) is
m*+6m+10=0
m’ +6m+9=-1
(m+3) =-1
m+3==i
m=-3%1

The complementary function is given by
y=e"'(Acost+ Bsint)

For a particular integral try y = psin2¢+qcos2t
dy

—=2pcos2t—2psin2t : :
dx If the right hand side of the second order
ke differential equation is a k& sin nt or k cos nt
—J; =—4psin2t—4gcos2t function, then you should try a particular
dx integral of the form p cosnt+ gsinnt

Substituting into (2)

—4psin2t—4qgcos2t+12pcos2t—12gsin 2t +10p sin 2¢ +10g cos 2t = 5sin 2t
(—49g—-12g+10p)sin 2t + (-4q +12g +10g) cos 2t = 5sin 2t
(6p—12q)sin2¢t+(12p+6g)cos 2t = 5sin 2t

Equating the coefficients of sin 2¢

6p—-12¢=5 (3)
12p+6g=0 “)

&

You can solve the simultaneous
equations by any appropriate method.

6 1

From (4 = g=——

@ p =759

Substitute into (3)

1
—3q—12q=—15q:5:q=_§
1 1 1 1
Hence p=——¢g=——x——=—
P77 737

The general solution of (2) is
. 1 . 1
y=e""(Acost+ Bsint) +gsm 2t —500521‘

x=lnt=t=¢"

The general solution of (1) is

y=e" (Acos(e”) + Bsin(e*)) + %sin(2e)r )— % cos(2e")
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=1- % , neglecting termsin x° and higher powers

3 5
) x X /
sinx=x——+——...

3! 5!
= x, neglecting termsin x” and higher powers

2
llsinx—6cosx+5=11x—6[1—%j+5

Solution Bank

@ Pearson

The series of cos x and sin x are both given
in the formulae book and may be quoted
without proof, unless the question
specifically asks for a proof.

11X —643x2+5
=—1+11x+3x>

A=-1,B=11,C=3

29 LHS =In(x’ —x+1)+In(x+1)-3Inx

=In[(x* —x+1)(x+1)]-Inx’

You substitute the abbreviated series into
the expression and collect together terms.

T | ) )
Substituting —- for x and » for r in the series
X

You collect together the three terms of the
left hand side (LHS) of the expression into
a single logarithm using all three log rules;
logx+log y =logxy

logx—logy = 10g(£}
y

and nlogx =logx".

(X —x+D)x+D)=x+x"—x"—x+x+1

=x’+1

This series is given in the formulae
booklet. It is valid for -1 < x <1 and, if

1 ..
x>1, then 0 <— <1 so the series is
X

valid for this question.

2 3 R b Y
1n(1+x):x—x—+x—+...+(l)—x+...
2 3 r
n-1 <
LHS=L3— 16+...+( D}ﬂ +..., asrequired
X 2x nx

(=)' =(=1)""". If nis odd, both sides are
1. If n is even, both sides are —1.
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(—2)()2 + (—2)6)3 +...

30 e =14 (-2x)+
2! 3!

:1—2x+2x2—§x3+...

Substituting —2x for x in the formula
. x X . .
e’ =1 +x+;+;+... and ignoring terms

in x* and higher powers.

2
cosszl—@h.. <
:1—2x2+...

2

e cos5x = (1—2x+2x2 —§x3 +...)(1—§x2 +j

=1—§x2—2x+25x3+2x2—§x3+... D

:l—2x+(—§+2jx2 +(25—§)x3 +...

:1—2x—ﬂxz+7—1 :
2 3
Azl,B——Z,C_—g,D:ﬂ
2 3

Substituting Sx for x in the formula
x° . . L
cosx = 1—; +... and ignoring terms in x

and higher powers.

When multiplying out the brackets, you
discard terms in x* and higher powers. For

example, multiplying 2x by —? x’ gives

~25x* and you just ignore his term.

Part a is a binomial series with a rational

<
<«

-1
31a (2x+3)'=3" (1+2?xj

_1[1
3

_2x  (=D(=2) ( 2x j L CDEDEY)
3 2.1 3 3.2.1

index.

)+

=1(1—3 +fx2—ix3+...)
3 39 27
12 4. 85
3 9 27 81
p sSin2x _ . 1
312 =sin2x(3+ 2x)
+ 42X
P POC.) I [ L A . S
3! 39 27 81
= 2x—ix3+... l_Zx i 2_§ Sy Whenmultiplyingoutth'ebrackets,you
3 3 9 27 81 discard terms in x* and higher powers. For
_%x_gxz+% 3 _8_? 4_gx3 +2i;x4+..<.— example, multiplying —§x3 by %x2
_gx_i 2, 8 4 S 8 16 A gives —gxs and you ignore this term.
3 9 27 9 27 81
N % B S R U
3 9 27 81
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32a cosx=l—x—+x——
21 41
X X
=l+| —+— 1),
[ 2 24 ‘()\

neglecting terms above x*

Vo

2 4
The expression Y +z is used to

replace the x in the standard series for
In(1+x).

X
In(l+x)=x——+...
(I+x) 5

Using the expansion (1)

2 4
In(cosx) =1In| 1+ .
2 24

2 4 2 4\2
X X 1{ x X
e el B I S I
( 2 24} 2( 2 24}
2 4 4

& 48 1152

but, as the expansion is only required up
to the term in x*, you only need the first
of the three terms.

2
1[ x2+x4J_ x4+x° x*

EE S S
2 24 8
)Cz )C4

T2 12

=Inl-Incosx

\

b In(secx)= ln(

J

COS X

=—Ilncosx

Using the log rule

log [%J =loga—logh and the fact that

Using the identities
sin 2x = 2sin xcos x and

Using the result to part a In1=0.
2 4 2 4
In(secx) =— TN S
2 12 2 12
33a Let u=1+cos2x,then f(x)=Inu
du =—2sin2x
e T O LA N S N RN
dx wudx 1+4cos2x
_ —4sinxcosx .
2cos’ x
= —2sinx = —2tan x, as required
COS X

cos2x =2cos® x—1.
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33p f"(x)=-2sec’ x

Solution Bank

£"'(x) = —4sec” x tan x

—
f""(x) =—8secx-secx tan x - tan x — 4sec’ x-sec’ x

=—8sec’ xtan® x —4sec’ x

@ Pearson

f""(x) is a symbol used for the fourth

derivative of f(x) with respect to x. The
symbol £ (x) is also used for the fourth

derivative.

—(—4 sec” xtan xx —2 tan x + (—2sec” x)° )

= —(f ") (x) + (£"(x))? ), as required

¢ f0)=In(l+cos0)=1n2

£1(0) = —2tan0 =0
£7(0) = —2s0¢> 0 = 2
£"(0) = —4sec’ 0tan 0 =0

fuu(o) — _(fm(o)f’(()) + (f'v(O))Z )

You use the product rule for
du dv

differentiation 4 (uv) =v— +u— with

dx dx dx
u=—4sec’ x and v = tan x. You also use
the chain rule

d 2 d
—(sec” x) =2secx—(secx
dx( ) dx( )

=2secxxsecxtanx.

——(0><0+(—2)2)=

f(x)= f(0)+xf’(0)+ f"(0)+ f"’(0)+ f<”>(0)+

2 3 4
:1n+2+x><0+x—><—2+x—><0+x—><—4+...
2 6 24

=In2-x> —%x“ +...

b\

Using the result for part b.

The formula for Maclaurin's series is given
in the formulae booklet. For this question,
you need the terms up to and including the
term in x*.

L T
34a Let f(x)=cos2x f| = |=cos==0
4 2
N Ay ) A T Taylor’s and Maclaurin’s series need
f'(x) =—2sin2x £ ( 4} =—2sin—=-2 repeated differentiation and substitution.
You need to display these in systematic
£7(x) = —4 cos 2x £ T__ dcos™ =0 form, both to help you substitute correctly
4 and to show your working clearly so that
T the examiner can award you marks.
f"'(x) =8sin2x f"'(—j =8sin—=8§
4
£ (x) =16cos2x f(w)( J—16cos—=0
4 i (x) and ¥ (x) are symbols
(VY ) NE: which can be used for the fourth
£ (x) =-32sin 2x f Z =—32sin—=-32 and fifth derivatives of f(x)
respectively
X — X—a
f(x)=f(a)+(x—a)f’ (a)+( o) ) f"(a)+ ( ) ————f"(a )+( " ) f(w)( )+ 5| %) f(v)(a)+ ..

Substituting f(x) =cos2x and a =§

cos2x—(x—ZJ (- 2)+(

4

3
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T
are zero at x = n
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34b Let x=1, then x—% —0.2146...

b
Work out x 2 on your calculator and

then use the ANS button to complete the

Substituting into the result of part a
calculation.

cos2 = —2(0.2146...)+§(0.2146...)3 —%(0.2146...)5 .

~—0.416147 (6d.p.)

This is a very accurate estimate and is
correct to 6 decimal places.

35a Let f(x)=In(sinx) f(%j = ln% ——In2
f'(x):C.OSX:cotx f’(Echotﬁzﬁ
sin x 6 6 S
< COSGC—:—:I:2
f"(x) = —cosec’x £ (gj =4 sin 2

2><22><\/§:8\/§

o3
N—
Il

f'"(x) = 2cosec’x cot x f’"(

Using the chain rule,
4 (—cosec’x) = —2 cosec xi (cosecx)
dx dx

= —20Sec x X —COSec x cot x

f(x) = f(a) + (x — a)f’ (a)+(" 2‘” £"(a )+()‘3 ay £'(a) +...

This is the appropriate form of Taylor’s
Substituting f(x) = In(sin x)and a = T series for this question. It is given in the
6 formula booklet.

ln(sinx)=—ln2+(x—£jx 3+1(x——j X (—4)+~ (x—ﬁj x83+...
6 2 6 6

2 3
=—ln2+\/§(x—£J—2(x—£j +4—\/§(x—£J +... .
6 6 3 6 Work out x ) on your calculator and
then use the ANS button to complete the
b Letx=0.5, then x —g =-0.0235987.. calculation.

Substituting into the result of part a

43

In(sin0.5) =-In2+ \/5(—0.023598...)—2(— 0.023598...)° +T(—0.023 598...)° +...

~—0.735166 (6 d.p.)
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36a y=tanx

Q —sec? x Using the chain rule for
dx B differentiation.

d’ d
g); = 2secxa(secx) =2secxxsecxtan x
=2sec’ xtan x
3
Yy t d 2 , d P }
—5 =tanx—(2sec” x) +2sec” x— (tan x) < Using the product rule for
& & differentiation (53 (uv) = vd—u +u dv
=4sec’ xtan® x+ 2sec” x dx Tl A dx
with u =2sec? x and v = tan x

b Lety=f(x)=tanx

f(ﬁjztanﬁzl
4 4

Using the results in part a

f’(ﬁj —sec’ S=(2) =2
4 4
(\/5)2 < SGC%=\/5 and tan%:l

f”(x):2seczgtan%=2x >:1=4/
T

£l 2= 2gec? Ttan? B4 2sect &
40 4

=4(2)* x> +2(\2)" =8+8=16

2 3 .
, x—-a) ., x-a) ., «———| This is the first four terms
f()C) =f(a)+(x—a)f (a)+%f (a)+%f (a)+... ofTaylor’s series.

. . T
Substituting f(x)=tanx and x=— <
4 You are expanding tanx about

2 3 . T ,
tanx =1+ )c—E ><2+l x—E ><4+l )c—E x16+... thepomtxzz,usmgTaylors
4 2 4 6 4

series.
2 ] T 3
ST [N I, ) (VL I VL R
4 4 3 4

3n T 3t w wW
¢ Letx=—"—, then x——="—-—=—
10 4 10 4 20

Substituting into the result in part b

2 3
tan3—n=1+2(1j+2(1j +§(lj +
10 20 20 3120

T nz 3

—+—+
10 200 3000

~
~

, as required.
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37 f(x)=Inx, f’(x):i, f"(x):—%
()=
nx= 1)+ (1)(x=1)+(x-1) f;(!l)+
(x—1)3%(!1)+...(x—1)3%51)+.
=0+(x—1)=L(x=1)" +1(x-1) +
38a (1- 2)31—{—x%+2y=0 )

-2x
dx

Substituting x =0, y =2 and % =—1into (2)

d3
0+dxf+1—o—2=0
3
At x =0, jx—le

Using the product rule for differentiation

i(uv) =vﬂ+uﬂwith u=1-x*and
dx dx  dx

2 2
V:d_y’ 4 (1_x2)ﬁ
dx?  dx dx?

dz)’ d 2 2, d dz)’
=§a(l—x )+(1—x )a E
2

Y

3
R S
dx

@

2
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38b Let y=1(x)

Solution Bank

From the data in the question
£f(0)=2,f'(0)=-1
Atx =0, (1) above becomes

£7(0)+2x2 = 0= £"(0) = —4

And the result to part a becomes

f"!(o) — 1

/

The formula for Maclaurin’s series is
given in the formulae booklet. For this
question, you need the terms up to and
including the term in x*

f(x) = £(0) + xf’ (0)+ f"(0)+ f”’(0)+

2 3

y=2+x><(—1)+%><(—4)+%><1+...

=2—x—2x° +lx3 +...

39a

A

dy 2
1+2x)—=x+4 *
( )I y

Differentiate « throughout with respect to x

You need to differentiate 4)*

implicitly with respect to x

dyd > dy
= =8—
]( yh= . d(y) Y5

dy d’y dy
2—+(1+2x)—5=1+8y—
i (1+2x) o Y i
2
(l+2x)——1+8 Y ¥
dx dx
=1+2(4y - 1)— (1) as required.

b Differentiate (1) throughout with respeittox/
d> 3 2 d>

y d’y dy y
2 ™ +(1+2x)§=8(aj +2(4y-1) ™ ?2)

u=24y

When using the product rule for

differentiation % (uv) = vﬂ +u dv with

—1) and v=%, 2(4y—1) must

be differentiated implicitly with respect to
d dy

x.So —| 2(4y-1)—
dx( (4y-1 dxj

=8d—y><d—y+2(4y—l)i Y
dx dx dx \ dx

2 2

dy d7y
=8| — | +2(4y-1D)—=
[dxj 4y )dx2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.
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39¢

Let y=1(x)

From the data in the question

£(0) = %

1
At x=0, y=5, % becomes

vor—al 1) —
£'(0) = 4 (J 1

1 dy
At x=0, y=—, — =1, (1) becomes
V= 1)

f"(O):1+2(4><%—1)><1:3

d d*y

At x=0, y= ,azl, =

3, (2)becomes

N | —

2x3+£"(0) =8x1? +2(4x%—1)x3

6+£"(0) =8+6=f""(0)=8 /

3

£(x) =f(0) + xf'(0) +;—2'f"(0) +%f’”(0) ...

2 3
y=l+x><1+x—><3+x—><8+...
2 2 6

3,,4;
=—+X+EX +—X +...

2

The formula for Maclaurin’s
series is given in the formulae
booklet. For this question, you
need the terms up to and
including the term in x*

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.
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40a Let y=1(x)
From the data in the question

f£(0)=1

dy 2
=y’ Fxy+x
1 y Y

1)
At x=0, y=1,(1) becomes
f'(0)=1"+0+0=1

Differentiating (1) throughout by x

Solution Bank

@ Pearson

y? has to be differentiated implicitly by x. So

d 2 dy d 2 dy
— = X — =—x2
1 ) 1 dy(y) <

Using the product rule for
differentiation

i(uv) = vﬂ+uﬂ with
dx dx  dx

u=xand v=y,

e d d )=y s
S - S )| < dr  dx
dx dx dx dy
=yx1l+x—

dx

At x=0, y=1, % =1, (2) becomes

f"(0)=2x1x1+1+0+1=4

Differentiate (2) throughout by x

2
df 2(dyj +2y df+dy+dy+ df 3)
dx dx dx dx dr dx
At x=0, y= ji 1, Sli; 4, (3) becomes

£17(0) = 2x 12+ 2x Ix4+1+1+0=12

f(x) = £(0) + xf’ (0)+ f"(0)+ f"’(0)+

2 3
p=lraxltxd+x12+4...
2 6

=14+x4+2x" +2x +...

b At0.1
y=1+0.1+2(0.1)> +2(0.1)’ +...

~1+0.1+0.02+0.002=1.122
y= 1.12 (2 d.p.)

Using the product rule for differentiation

i(uv)—v +ud— with 4 =2y and v—dy,
dx dx  dx dx

A, &) _dd o d(d
dx[zydxj FrARA dx[dxj
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41 a Rearranging the differential equation in the question

d
(y2 + y)—y =x+3 @)) <«— Theright hand side of the equation in the
dx :
question would be hard to repeatedly
differentiate as a quotient, so multiply

Let y =f(x) both sides by y + 1
From the data in the question
f(0)=1.5
At x=0, y=1.5, (1) becomes
(1.5 +1.5)f'(0) = 0+ 3 = f'(0) =i =0.8
3.75
Difterentiate (1) throughout by x
dy ? d’y
2y+1)| — =1 2
(2y )( dxj & (0] :
Differentiating [jxj by x,
At x=0, y=1.5, Y =0.8, (2) becomes using the chain rule
dx 2
(1.5 +1.5) " (o)), d(d
4%x0.8°+(1.5°+1.5)f"(0) =1 ol ) T ar dr
2
pr(0y= 124208 4416 b &y
3.75 dx dx2
Difterentiate (2) throughout by x
dy Y dy dy dy &y oo dy
2l — | +2y+1)2x—x +2y+1)—x +(y +y)—=0
(dx) (2y+1) Filale (2y )dx & (v y)dx3
dyY dvd’y o, dy
2| — | +3Q2y+1)— +(+y)—=0 @3
(dxj (2y )dxdx2 (v y)dx3 (€))
dy d’y
At x=0, y=1.5—=0.8, —-=-0.416, (2) becomes
dx dx
2x0.8° +3x4x0.8x—-0.416+(1.5* +1.5)f""(0)=0
1.204-3.9936+3.75f""(0) =0
. ) This is a recurring decimal.
£'"(0) = 3:9936-1.204 =0.791893 < There is an exact fraction
3.75 7424
o 9375
f(x)=1(0)+xt’ (0)+ f"(0)+ f"'(0)+

2 3

y=1.5+x><0.8+%x—0.416+%x0.791893+...

=1.5+0.8x—0.208x> +0.131982x° +...

b Atx=0.1,
y=1.5+0.8(0.1)-0.208(0.1)" +0.131982(0.1)" +
= 1.578....
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Using the product rule for
differentiation 4 (uv) = v% + uﬂ
o (@) dx A dr
Y Ly 2
42a ydx2 +(aj +y=0 (1) Withu:yandvzjxf,
d d2 dy [
Differentiate (1) throughout with respect to x P RPN RN S
_dy &y dy
2
+y
Qxd);erd);Jrzdy d); dy _0 R NAFEILE AP
dx dx dx dr dv®  dv
d3 dyd’y dy _dy d’y
—5=3—"—"F-—"=-"|3—+1
dx dr dx® dx  dx| dx
3 2 The wording of the question requires
4y —1Q[3d 42V+1j Q) < &
dx ydx( dx you to make )3/ the subject of the

formula. There are many possible
b Let y=1f(x) alternative forms for the answer.

From the data in the question

£(0) =1, £'(0) =1

At x=0, y= % =1, (1) becomes

Ixf"(0)+ 1> +1=0= £"(0) = -2

2
Atxz(),y:l,d—y:l,d
dx dx’

= -2, (2) becomes

£7(0) = —1><1(3><—2+1) =—1(-6+1)=5

3

f(x) = f(0)+xf(0)+ f"(0)+ A70) .

x2 x3 \ . .
y=1l+xx1+ 5 x—=2+ vy X5+... The formula for Maclaurin’s series

is given in the formulae booklet. For
this question, you need the terms up
to and including the term in x>

=l+x—x° wL%x3 +...

¢ The series expansion up to and including the term in x> can be used to estimate y if x is small.
So it would be sensible to use it at x = 0.2 but not at x =50
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43a dzy jﬁ+3 2-6 1)

Let y=1(x)
From the data in the question
f(0)=1,f'(0)=0

At x=0, y= % =0, (1) becomes

£7(0)—4x0+3x1% = 6= £"(0) = 3

Differentiate (1) throughout with respect to x

Atx=0,y=1, ¥, jxf 3, (3) becomes
£7(0)—4x3+6x1x0=0=>"(0) = 12

Differentiate (2) throughout with respect to x

d'y & &) | d
dxf—4gf+6(ayj +6y—2=0 3)
3
Atx=0,y=1,% -0 %Y _3 971y
dx  dx
(3) becomes
£""(0)—4x12+6x0” +6x1x3=0
£(0) =48 -18 =30
3
f(x) = f(0)+xf(0)+ f"(0)+ f"'(0)+ f<w>(0)+

2 3 4
y:1+x><o+%x3+x—x12+x—x30+...

=l+§x2 +2x° +§x4 +...
2
b At x=0.2

3 =1+0.06+0.016+0.002+ ...
3 ~1.08(2dp.)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free
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3y has to be differentiated implicitly with

respect to x

y d ,. dy
3y ) =— 3y°)=—x6
( ?) 1 y(y) <6y

with u =6y and v:ﬂ
2 d’

Using the product rule for

differentiation 4 (uv)= v% +u dv

d dy
. 6 P
dx[ ydxj

The formula for Maclaurin’s series
is given in the formulae booklet. For
this question, you need the terms up
to and including the term in x*
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44a r=2 < . .
You can just write the answer to part a down.
The equation » =k is the equation of a circle
b centre O and radius £, for any positive £.
yA
P
’
o () N initial line
~ 3 G0 X

For any point P on the line

3 If the point (3, 0) is labelled N, trigonometry on
—=cosf < the right-angled triangle ONP gives the polar
r equation of the line.

=3secH

vy =
cosf

c In this diagram, the point (4, 0) is labelled A4, the

A

point (4, %j is labelled B and the foot of the

perpendicular from O to AB is labelled N. The
triangle OAB is equilateral and

ZAON = %60“ -30° = % radians.

In the triangle ONA

ON ON T 3
——=——=C05S—=——
04 4 6 2
ON =243
In the triangle ONP,
_ T
P =cos| ¢ _g This relation is true for any point P on the line
and, as OP =r this gives you the polar

2\/5 ( ch equation of the line.
——=cos| 0 ——

t

r:2ﬁsec(6—gj
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45a

T . .
At 6= s r=0.As 6 increases, r increases

until # =0. For 8 =0, a cos 66 has its greatest
value of a. Then, as @ increases, r decreases to 0

at 0 == Between § == and H=£,cos 60 is
6 6 2

Initial line negative and, as > 0, the curve does not exist.
The pattern repeats itself in the other intervals
where the curve exists.

1cs,
b A:E.[,éﬁr do / Using cos2A4 =2cos’ A—1 with 4 =36.
6
2

l.[azcoszwdﬁza—.[(lcos60+ljd0 [ n)_. _
2 2 2 2 sin 6><€ =sint=0

2 .
:a_(s1n60+0J

4 6

2 . s 2

A:a_[sm69+0}e :a_ 1(0_0)—'_2_(_2}

4 6 = 416 6 6
6

a2 T

:—X—:—a2

46 a

At 6= —%, r=0,As 6 increases, r

increases until & =0. For
6 =0, 3cos 260 has its greatest value

of 3. After that, as @ increases, r

13
decreases to 0 at 6 = Z
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46 b A=1j§r2d9
2

6

1 j 1240 =+ j 9cos>26d6
2 2
Zgj(cosw +ljd9 _
2 2 2
=2[sm40+0}
4 4
9_sin40+0}
L 4 L
6

- z[ -2 (r%ﬂ

93 313 n-33)
3216 32

9
" j (cos40 +1)dd

k]

@ Pearson

Using cos2A4 =2cos> A—1 with
A=26.

¢ Let y=rsinf =3cos20sinf

d—g:—6sin2ﬁsin0+3cos2ﬁcosﬁ =0

2sin26sin 260 = cos 26 cos O
sin 20 sin 8
cos26cosf

=tan260tand =%

Where the tangent at a point is parallel to the
initial line, the distance y from the point to the
initial line has a stationary value. You find the

polar coordinate & of such a point by finding the
value of 6 for which y =rsiné has a stationary

value.

2tan’6 1

1—tan* 0 :E
4tan’* 0 =1—tan’ 6
5tan’0 =1

tan @ =

2tan @

Using tan2 =———
& 1—tan? 6.

One value of tan@is sufficient to

J5 °
The distance between the two tangents is given by
2y =2rsinf = 6¢0s20sin = 6(2cos” O — 1)sin0

=6x(2x§—lj ! —6><2

N I
_2J6

AN

complete the question. 7 is not needed.

This sketch shows you that the distance
between the two tangents parallel to the

V6 1
=0\ ]
\5
As (V3)*+12 =(/6)?, if tan6 =i,
then sin@ :L and cosf =£.
G G

initial line is given by 2y = 2rsin6.
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47 a

2

r=a(l+coséd)

Solution Bank

@ Pearson

r=a(l+cosf) is a cardioid and

A

2a Initial line

b Let y=rsinf =a(l+cosf)sinf

i : : a .
=asin@+acosfsinf =asm0+Es1n20

7 = as a circle centre O, radius a.

Where the tangent at a point is parallel to the

initial line, the distance y from the point to the
initial line has a stationary value. You find the
polar coordinates 6 of such points by finding

the values of 6 for which y =rsinf has

A

Qzacos@+acos20:0

do
c0s260 +cosf =2cos’ 0 —1+cosd =0

2¢0s* @ +cosf —1=(2cosf —1)(cosd +1)=0

cosf :l, cosd =-1

X
2 4
The polar equation of the tangent is given by

33

stationary values.

You find the distance (labelled PN in the diagram
above) from the point where the tangent meets the
curve to the initial line.

The polar equation is found by trigonometry

rsin=——a <
4

3a\/§
=
4

cosecd

Similarly at 6 = —%, the equation of the

3ax/§
4

cosecd.

tangent is r =—

At 6 =, the equation of the tangent is

0=m. <

in the triangle marked in red on the diagram
above.

It is easy to overlook this case. The half-line

6 =m does touch the cardioid at the pole.
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47 ¢ The circle and the cardioids meet when

a=a(l+cosf)=cosfd =46

o=+"
2

To find the area of the cardioid between

Solution Bank

The total area is twice the area

f=-"ando="
2 2
AszlJ.Erzd@ <
27J0

.[rzdﬁ =Ia2(1+cosﬁ)2d0 =.[az(1+20050+cos2 0)do

:azj(l+20050+100529+1jd0
2 2
S 3 1
=q I(—+2cos@+—cos29)d9
2 2
13 ) 1 .
=q [—9+2sm9+—sm29}
2 4

T
2

A=d* [20 +2sind +lsin2(9}
2 4

=a2(3—n+2J
4

The required area is A4 less half of the circle

0

3—n+2 a’ —lnaz =lna2 +2a*
4 2 4

above the initial line.

initial
line

<
a

4

= (n +8ja2, as required.

48 a

The area you are asked to find is inside the
cardioid and outside the circle. You find it
by subtracting the shaded semi-circle from
the area of the cardioid bounded by the

half-lines 6 = ~and 0 = -~
2 2

A

Initial line

The curve C is a circle of diameter 3¢ and
the curve D is a cardioid.

The points of intersection of C and D have
been marked on the diagram. The question
does not specify which is P and which is
Q. They could be interchanged. This would
make no substantial difference to the
solution of the question.
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48 b The points of intersection of C and D are given by
3/{0050 =,¢{(1 +cos6)

2cosf =1= cosb =%

T

0=+ In this question —%SH < 7

A

w3

1
Where cosf = E

r=3acos£=3axl=éa
2 2

(3 m) 4 (3 _m
P: (2a,3j,Q. (2a, 3)

¢ The area between D, the initial line and OP is given by
_Lf5 e
4= [2 a0
.[rz do =.[a2(1+cos(9)2d(9 = az.[(1+200549 +cos’ 0)do

:azj(1+20050+lcos20+ljd0
2 2

=azj(é+2cosﬁ+lcos20jd0
2 2

=a’ [§9+2sin9+lsin20}
2 4

W D
4 =l><a2 é(9+2sin(9 +lsin2(9 3
2 2 4

0

=a—2{f+ 3 +£} =§(4n+9\/§)

> 8 By the symmetry of the figure, to find the

area inside C but outside D, you subtract
two areas 4, and two areas 4, from the

d Let the smaller area enclosed by C area inside C. Cis a circle of radius 37a.

and the half-line 6 =§ be A,.

3a ?
R=n 7 —24,-24,

9a’n 24’ 6a’ This is twice the area you are
= 1 _F (4m+ 9\/5) —F (2n— 3\/5) < given in the question.
2 2 2 2 2
_dam_ma _b\@a _3ma +b\6a =ma’, as required.
4 2 8 4 8
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49

b

50a

a The locus is a circle of centre 3 —4i and radius 5, so the Argand diagram is the following:

v

=Y

Suppose z is such that |z -3+ 4i| =5. Then assuming z=r (cos @ +isin 0) we get that

‘r cos@—3+i(rsinf+ 4)‘ =5 ; but the magnitude of this complex number is given by

\/(r 0050—3)2 +(rsin0+4)2 , so we get the following:

7> cos” O—6rcosO+9+7° sin® 6+8rsinf+16=25

r*+25—6rcos@+8rsind =25
r=6cos@—8sinfd

The area of 4 is the area of the circle minus the areas that are enclosed in the fourth Cartesian
quadrant. Now consider the 63circular sector enclosed between the radii that intersect the circle on
the real line. The intersections between the circle and the real line are the origin and 6. Then since
the circle has centre 3—4i, if we interpret this in the Cartesian plane we can find the angle

between the radii: it is arcos [ j, as the cosine of the angle is given by the ratio between the

inner product and the product of the magnitudes of the two radii, seen as vector. Then the area of

arcos (%)-25

the circular sector is . From this we subtract the area of the triangle formed by the

two real points and the circle, which is 12. With the same procedure applied to the complex line
arcos (—%)-25

we find that the arc between the origin and —8i encloses an area of —12. Then the
area of 4 is:
55y [ ATCOS (-%)-25 1y |_[rcos (%)-25 1
2 2
=785-11.2-4.1=63.3
0= % 4 r=cos 20 .
< At 0= _Z’ r=0. As 0 increases, r increases until

> 6 =0. For § =0, cos26 has its greatest value of 1.
1 Initial line
After that, as @ increases, r decreases to 0 at d = %
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y=rsinf =cos20sinf

Solution Bank

%:—2sin2ﬁsin0+cos2ﬁcosﬁ =0

—4sin 6 cosOsinf + (1—-2sin*H)cosh =0
cos@(—4sin’ +1-2sin* 9) =0

At 4 and B, cos 8 #0

6sin’ 6 =1

y

0

Where the tangent at a point is parallel to the initial
line, the distance y from the point to the initial line
has a stationary value. The diagram above shows
that y =rsinf. You find the polar coordinates 8 of

the points by finding the values of 6 for which

7sin @ has a maximum or minimum value.

1
sinf =+—
J6
0 =20.420 534 ...

r=cos20=l—2sin20:1—%:g

3

To 3 significant figures, the polar coordinates

of 4 and B are /

r has an exact value but the question specifically
asks for 3 significant figures. Unless the question
specifies otherwise, in polar coordinates, you should
always give the value of the angle in radians.

(0.667, 0.421) and (0.667, —0.421).

At 6 =0, r=0. As 0 increases, r increases

until 8 = % For 6 = %, sin 20 has its greatest

r=sin 26 <

T W ]

Initial line

value of 1. After that, as 6 increases, r

decreases to sin[Z xgj =sint=0at g = g
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51b x=rcosfd =sin260cosf

52a

%=2cos200050—sin205in0

=2(2cos> @ —1)cosf —2sinH cosHsin O

=2(2cos’ @ —1)cosf—2sin” fcos b © g
=4cos’ @ —2cosb — 2(1- cos’ 0)cosb Where the tangent at a point is parallel to 6 =§ (which
=6c0s’O—4cosf =0 is the same as being perpendicular to the initial line), the
2 cos 9(3 COSz 09— 2) =0 distance x from the half line 6 =§ has a stationary

At 4, cosf =0 value. The diagram above shows that x = rcos6. You

find the polar coordinates @ of such points by finding

2 . .
cos“ 0 =— the values of @ for which »cosf has a maximum or
minimum value.

1

cos@z(zJ2 , for 0<0<£

3 2
6=0.615479 ...

By calculator

r=sin260 =0.942809 ...

To 3 significant figures, the coordinates of A4 are
(0.943, 0.615)

r=6cosd y
0\ ]

Multiplying the equation by r =

2 —_—
r® =6rcosf This diagram illustrates the relations between

x>+ y2 —6x < polar and Cartesian coordiqates. The relations
you need to solve the question are

¥ —6x+94+1y> =0
(x-3)+y*=9

r=?>sec[£—0j
3

3=rcos E—H = rcoszcosﬁ+rsin£sin0
3 3 3

P’ =x>+y*, x=rcosf and y =rsin.

This is an acceptable answer but putting the
equation into a form which shows that the
curve is a circle, centre (3, 0) and radius 3,
helps you to draw the sketch in part b.

1
=—rcosf +—3rsin0
2 2

_1 B
2Ty

x+\/§y=6
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52b

The initial line is the positive x-axis and

% the half-line u =§ is the positive y-axis.

At x=0, x+\/§y=6givesy=i=2\/§.

3

L

¢ By inspection, the polar coordinates of Q are (6, 0)

The question does not say which point is
P and which is Q. You can choose which
is which.

ZOPQ =90
In the triangle

04_255_15

tan A0 =——=
Q o9 6 3

In the triangle OPQ
OP = OQsin POO = 6sin30° =3

— Z400 =30°

ZPOQ =180"-90" =30 = 60° :g
Hence the polar coordinates of P are

(OP, ZPOQ) = (3, gj

OM

The angle in a semi-circle is a
right angle.

53A=1j5 r2d6 <
2 0

%j ﬁw:lj a’sin260d6

You need to know the formula for the area

of polar curves 4 = %J‘ r*d6. In this

2 question, the diagram shows that the limits

are 0 and E.
2

B a_2 _ cos26
2 2
2

a L
A —T[—cos20]0 —T[l —(-D)]

A

cos[Z xgj =cost=-1and cosO=1.

=—a
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54 4=—[}r’dg <
2

8

1 [4r2do= 1 [ 164’ cos*26d0
2% 2%

T

= 8512.[5Z cos’26d6

8
Lei (11
=8a jn4(—+—cos4<9)d<9
2 2

The lower limit, %, is given by the polar

equation of m. The upper limit, %, can be
identified from the domain of definition,
0<0L % given in the question and the

diagram.

Using cos2A4 =2cos” A—1 with 4 =26.

sin 4><E =sinnwt =0 and sin 4><E =sin£=1.
4 8 2

=4a2[0+sm4<9}4
A=da?| 0+ Sin‘ﬂ“
4k
=42’ 22|+ O—l
4 8 4
=4a° E—l}
|8 4
=1la’(n-2)
1 n 2
55 4=2x— r’do <
2 Jo
. 1 2
= a2(1+—cos<9) do
0 2

"1+ cosd +%cosz<9)d<9

i 1+cosé +%cos2<9+%)d<9

= zjn 2+cos<9+lcos2<9 do
8 8

A

The method used here is to find twice
the area above the initial line.

Use cos20 =2cos* 0 —1.

=q’ [%0 +sinf + sz@}

0

As sinw =sin2n =0 and sin0 =0, all of

the terms are zero at both the lower and
the upper limit except for %H, which has

a non-zero value at .
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56 a The curves intersect at

+=sin20
T 5w
20=",2%
6 6
_m on
12712
b
The shaded area can be broken up into three parts.
yA You can find the small areas labelled (1) and (2),
which are equal in area, by integration. The larger
area is a sector of a circle and you find this using
A =1r0, where 0 is in radians.
ol ®
0 o x
The area of the sector (3) is given by
< The radius of the sector is % and the angle
2 |
I (1 T W
A =—x|—| x—=— §E_E_T
2 \2 3 24 12 12 3

The area of (1) is given by
1 T

4==["rd
270 < Using cos24 =1-2sin’ 4 with 4 =26.

1jsin2 260d6 =1j(1—1cos4ajda
2 22 2

:l[a_ sin40}
4

. T LT 3
sin| 4x— [=sin—=—
12 3 2

Il
N
[E—
N|=‘

|

|
N

N
o &
|

o

~
1

The area of the shaded region is given by

l{n\/g}nn\/g

2xd =] =

2
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57a Let y=rsinf <
y:a(3+\/§c0s9)sin¢9

:3asin¢9+x/§ac0s9sin¢9 :3asin¢9+%sin2¢9

%:3acos9+\/§acos2¢9:0

3cosO++/5(2cos>0-1)=0
235 ¢c0s20+3cosO—+/5 =0

Where the tangent at a point is parallel to
the initial line, the distance y from the
point to the initial line has a stationary
value. You find the polar coordinate 6 of
the point by finding the value 6 for
which y =rsiné has a stationary value.

cosd =-3+

45

/ 10
(9+40) < As |cosf| <1, you reject the value ——= =~ —1.118.
| | 4\/§

=347 1

T4 5

By calculator
0 =%1.107 3 d.p.)

At 0039—L
J5

r:a(3+\/§c0s9):a(3+\/§x%j:4a

The polar coordinates are
P:(4a,1.107), Q: (4a, —1.107)

b PO=2y=2rsinf
2
=2x4ax—==—=a=20m, given
55
205 55
a= m= m

16 4

16
5

Vs

0

1
As 1 +2° = (\/g )*, the diagram illustrates

1 2
that if cos@ =——then sinf =—.
NG N
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57¢ Total area=2x - [ ’12d0

2Ja

r=aB++5cosb)
SO area = az_[: (3++/5cos0)*do

= az_[: (9+6+/5 cos 0 +5cos” 0)do

e 96+6J§sin9+§sin2e+§9}
L 0

2 %m&/&mm%mze}

0

58 a Area=lj‘7I r*do
2d-n
_1 T o2 2
_ELa (1+ cosf)’do
2
=%L (1+2cosf +cos’0)do

T

2
cosfdé + %J: cos’0do

2
=%j do+a’|
n az T az n
=a’n+a’[sinf]" +TJ: d0+TJ: cos260df using the identity cos26 =2cos* 0 —1
2 2 n
=a2n+a—;+%[%sin20}

B 3na’
2
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S8b At A4 and B, i(rcos@) =0.

do

diﬁ (rcosf) = % (acosf(1+cosh))

a a4 (cos @ +cos” 6)
do

—asinf +a d (cos” 6)
do

—asinf —2acosOsin b, using the product rule
—asinf (1+2cosf)

Setting this equal to 0 gives:
sinf (1+2cosf)=0
sind =0 orcosf = —%
S 0=0or J_r&
3

But 8 =0 is where C intersects the initial line so 6 = J_rz—; at 4 and B.

G:J_rz—n:>r=a(l+cosEJ=g
3 3

So the polar coordinates of 4 and B are 4: (%, 2—;} and B {E’ ——J.

¢ When C intersects the initial line, » = 2a.
Therefore, length WX = 2a + length of x—component of vector 04

=2a +2cos£=2a +£=9—a.
a 3 4 4

2
d Area sz%x3af=27‘§a .

€ Areawasted = Area WXYZ — Areainside C
2734 3nd

8 2

So when a =10cm, the area of card wasted is

2700v3  300m

. =113 cm” (to 3s.f.)
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34 (1—cosf) = 4 (1+cos)

3—-3cosf =1+cosl

4cosf =2 = cosl =%

==

w3

Where cos @ =%

r:a(1+cosﬁ)=a(1+—j =%a

A: éa,—E , B: éa,E
2 3 23

w [
J

A

3

b AB:Zxéasin£=3a X~
2 3 2

33 .
= Ta, as required.

Referring to the diagram,

X . T 3 .om
— =s8in—= x=—asin— and
3a 3 2 3

AB =2x.
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59 ¢ The area 4; enclosed by OB and Ci
is given by

_ 1 3 2
Al_Ej;rda

J‘ r’do = j9a2(1—c050)2d0 =I9a2(1—2c050+c0520)d0

=9azj‘(1 2c050+%cos20+ jd@
o3 1
=9q J(——2c050+—c0520jd0
2 2

=94° Fe —2sin# +lsin20}
2 4

4 =25902| 20— 26in0+Lsin20 [
2 2 4

0

=2a{f—\/§+£}=91—“62(4n—7ﬁ)

2 2 8

The area 4> enclosed by the initial line, C>
and OB is given by

13
A2_2j0 r*do
jrzde = ja2(1+cos9)2d9 =a2j(1+2cos9+cos29)d9
:azj(1+2cosﬁ+;cos2ﬁ+ jd@
(3 1
=aqa j(—+2cos@+—cos20jd0
2 2
51 3 ) 1 .
=q°| =0 +2sin@ +—sin20
2 4

4, =l><a2 é9+2sin9 +lsin20 ’
2 2 4

0

:a—2{£+xﬁ+£} =?—;(4n+9\/§)

2 8

The required area R is given by

R=2(4, - 4)
—2{—(4n+9\/_)— (4 — 7[)}

21“6 [47+943-(36n-6313) |
= “—82[726 = 32@ = (93 —4n)a’
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60a

3V3

—3a =4.5cm
2

azicmz 3cm

33
The area of the badge is
(93 —4m)a® = (93 — 4m) x 3cm?
=9.07cm” (3s.f.)

Solution Bank

@ Pearson

You use the result from part b to find a
and substitute the value of a into the
result of part c.

A:(5a, 0), B:(3a, 0)

A

The curves intersect where

/(3+2cos@) =,cf(5—2cos@)
4cosf =2 = cosb =%

S

A

For A,at 0=0,r=a(3+2cos0)=a(3+2)=>5a.
For B,at =0,r=a(5—-2cos0)=a(5-2)=3a.

g™ 5"
33

1
Where cosf = 5

r:a(3+2c0s¢9):a(3+2x%J:4a

C: (4a, 5—“) D: (4a, EJ
3 3

In this question 0 <6 < 2.
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60 ¢ The area 4 enclosed by r =a(3+2cosf)and
the half-lines 6 :g and 6 = S?R is given by

_ Lem o
Al_zXEIEFdH

3
jr2d9=ja2(3+2cos9)2d9
= azj(9+12cosﬁ +4cos’*0)do
=a2j(9+12cos9 +2c0s20 +2)df

= azj(ll+12cosﬁ +2co0s20)do
=a’[110+12sin6 +sin 20 |
A =a’[116+12sin6 +sin 20

3

:az_n(n_gjm[o—?j [Léﬂ

_az_ﬁ_l%ﬁ}

3 2
The area 4> enclosed by r =a(5—-2cosf) and

the half-lines 6 = S?R and 6 =% is given by

T

— L3 2
/12—2><5J.03 r do

r=a(3 + 2cosh)

_sz
0=

The shaded area in the question is the
sum of the two areas A4, and 4> shown
in the diagram above. It is important
that you carefully distinguish which
curve is which.

j 2d0 = ja2(5—2cos9)2d9 = azj(25—20cosﬁ +4cos>0)do

= azj(25—20c059 +2c0s26 +2)df
= azj(27—200050 +2co0s26)do
=a’[276 - 20sin 6 +sin 20|

4, =a*[270-20sin 0 +sin20]:

5B

=a’| 27x = —20x% Tt
3 2

_ o[ 27m 1943
3 2
The area of the overlapping region is given by

A+ d :a2[22n_13\/§+27n_19\/§}

3 2 3 2

) (4971 16[)

= %(4% —484/3), as required.

The double angle formulae, here
cos 260 =2cos’ 0 —1, are used in

all questions involving the areas
of cardioids.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL
Further Pure Maths 2 Solution Bank @) Pearson

Challenge
The gradient of the line / is clearly the tangent of the angle o + & . This gradient can be expressed as

dr .
——sin@+rcos@

follows: since the Cartesian coordinates of P are (r cos @, rsin 6?) , the gradient is
r .
——cos@—rsinf

Now obviouslya =a+6 -6, so tana = tan((a + 6?) — 6?) .By a formula, this can be solved as follows:

tan(a +0)—tan0
0 — = =
tan((a+ ) ) 1+tan(a+6?)tan6?

dr .
—rsmHnchosH
—tan @

icosH—rsinH

isianchosH
1+d0 tan @

icosH—rsinH

isin6'0056'+rcos2 6?—(%oos6'sin«9+rsin2 2]

do
goosz @—rsinfcos
isinz O+rcos@sind
1+d

— cos> O—rsinfecos @

do
_ rcos’@+rsin’ _r
icos2 Hntisin2 2] dr
do do do
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