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Further Pure Maths 2 Solution Bank @ Pearson
Exercise 7D
1 a f)=Jx =fla)+ f'(a) (x —a) + f"z(f’) (x —a) + f—("’) (x—ay + —2 f""(“) (x —a)* +
where a =1 .
f(x)=x f(1)=1
P00 = ry-1
" —_l - " :_l
F'(x) == ri)=—
fm(x) — %X_; f”’(l) — 3
" __E -7 1" 15
f""(x) = 16x f"(1) = e
1 1 ) 15 )
SO\/Z=1+5(x—1)—4—(x—1) W( _1)’ T
1 1 ) 55
=1t (=== ( 1)? 128(x ) +..

1 1 1 5
b J12~1+=(02)-=(02)> +—(0.2)’ ———(0.2)*
2( ) 8( ) 16( ) 128( )

~1+0.1-0.005 + 0.0005 — 0.0000625
=1.095 3dp.)

2 All solutions use the Taylor expansion in the form:

£ (x) = fa) + £ (@) (x—a) + DI~ o)’  f"(a)(x-a) f"(a)(x-a)"

2! 3! 4!
a Let f(x)=Inx then f(a)=f(e)=lne=1
f'(x)= 1 '(a) =f'(e) = 1
X e
f"(x) = —% "(a) = f"(e) = ——

So f(x)=In x:1+l(x—e)+ﬁ(x—e)2+...
e 2!

:1+(x—e)_(x—e)2 .

e 2¢?
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2 b Letf(x)=tanx thenf(a) = f(%j 3

f'(x) =sec’ x f’(a)=f’(§)=4

f'(x) = 2sec’ x tan x "(a) = f”( j 2(4)(\3)=83

£"'(x) = 2sec” x + 2 tan x(2sec” x tan x) "' (a)= f( j 2(16) +4(4)(3) = 80

So f(x)=tanx=\/§+4(x—§j+%(x Ej (x—gj
3+4(x—§]+4\/§(x—n) ( —g)

¢ Letf(x)=cosx then f(a)=f(1)=cosl

f'(x) =—sin x f'(a) =f'(1) = —sin1

f"(x) =—cosx f"(a) =1"(1) =—cos1

£ (x) = sin x "(a) = £"(1) = sin1

£"(x) = cos x ""(a) = £""(1) = cos 1

So £(x) = cosx=cosl—sinl(x—1)— D 1y (512 D -1+ (ngl) (x=1)" +...

3 a i Letf(x)=cos(x). Then cos(x + gj = f(x +£j

4

f'(x) =cos(x) = f(4j ﬁ

! _ : ! \/5
f(x)——s1n(x):>f(4j 5

" — " E — _Q
f"(x)=—cos(x) = f (4] 5

N - 2
f""(x) =sin(x) = f (4} -

" _ " T Q
f""(x) =cos(x) = f (4) 5

Usingf (x+a)=1f(a)+1'(a) x+

( nj \/5[ xox Xt J
COS X+Z =—J|l-x—+—+——...

2 2 6 24

(@) t(@x | @t
! 3! 41
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3 aii Letf(x)=In (x). Then In (x+5)=f(x+5)
f(x)=In(x) = f(5)=In5
ﬂm:lsf@:l

X 5
f%@:-%:nwﬂsz

X

2 2
£ =2 = "5 =
()= (3)=153
6 6
f"(x) = —— = f""(5) = —
) x* ©) 625

Using f (x+a)="f(a)+f'(a)x + 3l a1
In(x+5)= ln5+lx—Lx2 +Lx3 —Lx4 +
5 50 375 2500

iii Letf(x)=sin(x). Then sin(x —g] = f(x _gj
) P NE)
f(x)=sin(x)=>f| -= |=——
omanr{5)-4
f'(x) = cos(x) = f’(_ﬁj _1
3 2
. ) 3
f(x) = —sin(x) = | - = |=~——
(x) (x) ( 3) >
i 1
f""(x)=—cos(x) =" —= |=——
oo ( 3]
) P 3
f"” =sin :}f"” A P
ommrerf 5
" 2 " 3 1" 4
Usingf(x+a):f(a)+fr(a)x+f (a)x +f (a)x +f (a)x
2! 3! 4!
sin X_E =l —\/§+X+£x2—lx3—£x4+...
3) 2 2! 3! 4
:l _\/§+X+£x2—lx3—£x4+...
2 2 6 24

b Takingx =0.2,
2 3 4
11’15.2%11’15_}_%_0'2 +O-2 _ 0.2
5 50 375 2500

~1.649t04s.f.

fu(a)x2 . fm(a)x3 . frm(a)x4 N
\
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dy ' !
4 a y=xe',—=xe"+e" =¢e"(x+1
y s (x+1)

Product rule.

2

jx—);:xex +e'+e' =e"(x+2)
3

%=xe" +2e" +e" =e"(x+3)

Each differentiation addsanothere®, so jx—y =(n+x)e*

n

So for f(x)=xe"*, " (x) = (n+x)e"*

b Using the Taylor series witha = —1,f(-1)=—¢™', f'(-1)=0,f"(-1)=¢""'
£"(=1)=2e", f""(~1) =3¢

So xe*=e” {—1+ 0(x +1) +%(x +1)? +%(x +1)° +%(x+ 1)* +}

1 1 1
:e‘l{—l+— X+ D+ =(x+1)+—(x+1 4+~-}
2( ) 3( ) 8( )

5 a Letf(x)=x’Inx thenasa =1 f(a)=f(1)=0
f'(x)=3x2lnx+x3xl:x2(l+3lnx) f'la)=1'(1)=1
X
"(x) =x> NEM 2x(1+3In x) =x(5+61n x) f"(a)=f"(1)=5
X
f'(x) =x><§+ (5+6Inx)=(11+6Inx) f"(a)=f"(1) =11
X
6
fll!l(x) [ fHN(a) — fHN(l) — 6
X

Using Taylor, form ii

f(X)=X311’1)C=0+1(X—1)+%(X—1)2 +%(X—1)3 +%(X—1)4 +...

:(x—1)+%(x—1)2 +1—61(x—1)3 +%(x—1)4 +...

b Substituting x =1.5 inseriesin a, gives
27 5 11 1
“~In1.5~0.5+=(0.5)> +—(0.5 +—(0.5)" +...
2 5(05) c (0.5 +7(05)
~0.5+0.625+0.22916...+ 0.015625 (= 1.369791...)

So this gives an approximation for In1.5 of%(1.369791...) =0.4059 (4d.p.)
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6 We look to find the Taylor series for the -function tan(x —«) about x =0 where, « = arctan (%)

Let f(x)=tan(x — ) then;

f(0) = tan(-a) = — tan(ar) = _%

£/(x) = sec? (x — &) = £'(0) = sec? (~a) = sec’ @ = 22

16
Now we use the fact that;

f"(x) = 2tan(x —ar)sec’ (x —ar) = £"(0) = 2 tan ar sec’

ven_ o~ 3 25_ 75
=0 ==2-416="3

Finally, using f(x)=f(0)+f’ (O)x+ f "(0)x* +...(x*), we find that

_ = _3.25 1 —75, 2 3
f(x)=tan(x—a) 4+_16 x+—2' 35 X +..(x7)
—a)=-_3425, 752
= tan(x — ) 4+16x o1~ +..(x)

7 Let f(x)=sin2x, then we calculate the required derivatives;

f(ﬂ):sinﬂ—ﬁ

6 32
f'(x)=2cos2x = f’ (6) 2cos§:l
£"(x) = —4sin 2x = £ (%) = —dsinZ = 4*25 N
f’"(x)——8cost:f'"(6):—8c0s%——4
£9(x) = 16sin 2x = 9 (%) 83

We find that
V3 n) 23 T2
SIHZX—T‘FI (X E + 2' ()C E
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8 a Giveny:\/(llq):(l+x); »;(=valueof y whenx:3):%
dy =_l(1+x)‘% (d_yj _ it 1
dx 2 dx);, 2 8 16
2 2
&y 314y [d_y] EENRUE
dx* 4 dx” ), 4 32 128

b So using

f(x)=f3)+1'3)(x-3)+ 13 (x=3) +... with £ (3) E[_d"yj
2! dx” ),
1 1

1 3 )
,—(1+x)—2 E(x—3)+ﬁ(x—3) +...
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9 f(x)=Inx
()=

f’
f”(x)

Lo
X X
1 1!
R
" 2
2x3 31

4 4

fiv(x): . .
_ 2x3x4 _i!

fv (x) 5 5

X X

i 2x3x4x5 5!
() =- 23

X X

|
2!
e

Therefore:

() 1 (a0

xq

(=) g(q-D)!

= g

(—l)qi1 q!

gx’

f(x)=Inx

~1@er )2 Y
If ¢ = 1 then:

o (-1
r(2)= 1x2'
If g = n then:

(—1)"_111!
pr(2)=L "
(2)="—=

f(x)=Inx

:1r12+d(x—2)+ﬂ(x—2)2 +o +ﬁ(x—2)" +...

1x2! 2x2?

n—1
=In2+ Z%(x —2)" asrequired
n=l1 n
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Challenge

a Let f(x)=In(cos2x), then we will use:

f(x)=f(m)+f'(n)(x—m) +3 f"(n)(x n)’

a1 f’"(n)(x ) +.. ((x—n)4)

Differentiating:
f(m) =In(cos2m) =0
2sin2x

f'(x)=- =-2tan2x = f'(n)=0
CcoS2x

£(x) = —dsec’ 2x = f"(n) = —fiz — 4

f"(x) =—16tan2xsec’ 2x = f"(m) =0

So, In(cos2x) = —2(x — )’ —%(x —m)t -

b Note thatcos (2 13—“) = g , so we take the leading order term in the expansion above setting

12
KD

D)

13| _ a3 . = )zz_
In (cos 3 ) 5~ 2 5 T 0.1433 (4d.p.)
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