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Review exercise 1

1

a

a

Equation of circle with centre (-3, 8) and radius 7:
(x+3P+(—8)7=r

r = distance from (-3, 8) to (0, 9)
P=0+32+(9-8?=9+1=10

The equation for C is:
(x+3P2+@r-8)?>=10

Rearranging:
X —6x+)y?+2y=10

Completing the square:
x=32-9+@+1)*-1=10
(x=3)+(y+ 1) =20
a=3,b=-1,r= m

The circle has centre (3, —1) and radius V20

Rearranging 3x +y = 14:
y=14-3x

Solving simultaneously using substitution:
(x—2*+(14-3x-3)%*=5
(x—2*+(3x+11)*=5
¥ —4x+4+9x2—66x+ 121 —5=0
10x* — 70x + 120 =0
X =Tx+12=0
x—3)x—4)=0
Sox=3andx=4

x=3:y=14-3x3=5
x=4:y=14-3x4=2
Point 4 is (3, 5) and point B is (4, 2).

Using Pythagoras’ theorem:
Length AB = \/(4-3)* +(2—5)°

SN
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The equation of the circle is x* + 3% = 72,

Solving simultaneously using substitution:
szr(3x—2)2=r2
¥+ —12x+4—-r=0
106 = 12x +4—-7=0

Using the discriminant for no solutions:
b*—4ac<0
(—12)* = 4(10)4 - ) <0
144 — 160 + 4077 <0

4017 —16<0

When 4072 — 16 =0
8(5*—2)=0
P2=2
5
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However, the radius cannot be negative.

SoO<r<\ﬁ
5

Equation of circle with centre (1, 5) and radius 7:

(= 1P+ =57 =7

r = distance from (1, 5) to (4, —2)
=417+ (-2 -5)
=9+49
=58

The equation for C is:
(x—1)*+(—5)°=58
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Gradient of the radius of the circle at P
_ = _ —2-5 _ _z

X, — X 4-1 3

Gradient of the tangent = 2

Equation of the tangent at P:
y—y1=m(x —x1)

y+2=3(x—4)
3x—7y—26=0
AB?=(6-2*+(5 1)
=42+42=32
BC*=(8-6)>+(3-5)
=22+22=8
ACP=(8 -2+ (3 — 1)
=6"+2°=40

Using Pythagoras’ theorem:
AB?+ BC*=32+8=40=AC*
Therefore, ZABC is 90°.

As triangle ABC is a right-angled triangle,
AC is a diameter of the circle.

AC is a diameter of the circle, so the midpoint of AC is the centre.

Midpoint = [_x, ;xz ,—y' +y2)

2
=(2+8 1+3j
272
=(5,2)
Radius = 5+ x 4C

x 24/10
=10

The equation of the circle is:
(x=52+@-2*=10

1
2
%
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2x? +20x+42 x> +10x+21

224x +4x* —4x° 112x+2x* = 2x°
(x+3)(x+7)

—2x(x> —x—56)
(x+3)(x+7)
=2x(x+7)(x—8)

_ (x+3)
—2x(x—-8)
a=3,b=-2,c=-8

8 a Using the factor theorem:
f(3)=2(3) = 7(3 ~17(3) + 10
Lg%

0

So (2x — 1) is a factor of 2x° — 7x* — 17x + 10.

x> =3x-10
b 2x—1>2x3—7x2—17x+10

2x° —x°
—6x> —17x
—6x” +3x
—20x+10
—20x+10
0

23 = 7x* = 17x + 10 = 2x — 1)(x* — 3x — 10)
=2x—D(x—5(x+2)

¢ (2x— Dx—5)x+2)=0
Sox=+1,x=50rx=-2

So the curve crosses the x-axis at (5, 0), (5, 0) and (-2, 0).

Whenx=0,y=-1x-5x2=10
So the curve crosses the y-axis at (0, 10).

x—)oo,y—>oo
X — —00,y — —©

Ry
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/N /
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e
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9 fx)=3x>+x*-38x+c

a f(3)=0
33+ (3)>—38(3)+c=0
3x27+9-114+¢=0
c=24

b f(x) =3x+x>—38x + 24
f(3) =0, so (x — 3) is a factor of 3x> + x> — 38x + 24.

3x>+10x—8
x—3>3x3+x2—38x+24

3x° —9x°
10x* —38x
10x* —30x
—-8x—-24
—8x+24
0

33 +x%—38x+24 =(x—3)3x*+ 10x — 8)
=x—3)Bx—2)(x+4)

10a gx)=x>—13x+12
g3)=(3)’—-13(3)+ 12
=27-39+12
=0
So (x — 3) is a factor of g(x).

x> +3x—4
b x—3>x3—0x2—13x+12

X —3x°
3x? —13x
3x? —9x
—4x+12
—4x+12

0

g(x)=x>—13x+12
=(x—-3)x*+3x—4)
=x—=3)x+4)x—-1)
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11a

12a

f(x):x3 +ax® +bx+8
f(3)=2,s0

(3) +a(3) +b(3)+8=2
27+9a+3b+8=2
9a+3b=-33 (1)
f(-1)=-2so

(-1) +a(-1)" +b(-1)+8=-2
~l+a-b+8=-2

a—b=-9 Q)

Multiply equation (2) by 3 and add to equation (1)
9a+3b=-33

3a-3b=-27
12a =-60
a=-5

Whena=-5,b=4

f(x)=x3 —5x*+4x+8
£(2)=(2) -5(2)" +4(2)+8
=8-20+8+8
=4

f(x)=2x3 +ax’ +bx+6

£(1)=

2(1) +a (1)’ +b(1)+6=0
2+a+b+6=0

a+b=-8 1)

f(-1)=10, so

2(-1) +a(~1) +b(-1)+6=10
—2+a-b+6=10

a-b=6 )

Add equations (1) and (2)
a+b=-8

a—-b= 6
2a =-2

a=-1
Whena=-1,b=-7

0, so
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12b

13a

14 a

f(x):2x3 —x*=7x+6
(x—1) is a factor, so

2x*+x-6
x—1>2x3 —x’—-7x+6

2x° =2x°
x> —Tx
X’ —x_
—6x+6
—6x+6

0
2%’ —x*=Tx+6 =(x—1)(2x2 +x—6)
Now factorise the quadratic
(267 +x-6)=(2x-3)(x+2)
SO
2x° = x° —7x+6:(x—1)(2x—3)(x+2)

Sox=1, x:i,orx=—2

f(x)zx4+5x3 +ax+b

f(2)=f(-1),so

(2)' +5(2) +a(2)+b=(-1)" +5(-1) +a(-1)+b
16+40+2a=1-5-a

3a=-60
a=-20

f(x)zx4 +5x° —20x+b

(x+3) is a factor so by the factor theorem f(-3)=0
(-3)" +5(-3) —20(-3)+b=0

81-135+60+b=0

b=—6

Example:
When a =0 and b =0, 0> + 0> = (0 + 0)%.

(a+ b)Y =a*+2ab+ b’

Whena>0and 6> 0, 2ab >0

Therefore a® + b* < (a + b)?

Whena<0and 6 <0, 2ab>0

Therefore a® + b* < (a + b)?

Whena>0and 6 <0, 2ab <0

Therefore a® + b* > (a + b)?

Whena<0and 5> 0, 2ab <0

Therefore a® + b* > (a + b)?

The conditions are a >0 and b >0 ora <0 and b <O0.
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15a p=5:5=25=24+1

16 a

17a

p=T:7"=49=2(24)+1

p=11:112=121=5(24) + 1
p=13:132=169=7(24) + 1
p=17:17>=289=12(24) + 1
p=19:192=361=1524)+ 1

3(24) + 1 =73 and 73 is not a square number.

Rearranging:

x> —10x+)* —8y=-32

Completing the square:

(x=5P%-25+(y—-4)7>-16=-32
(x=5P+(-47>=9
(x =5y + (-4 =3

a=5b=4,r=3

Centre of circle Cis (5, 4).
Centre of circle D is (0, 0).
Using Pythagoras’ theorem:

Distance = \/(5—0)2 +(4-0) = V41

Radius of circle C=3
Radius of circle D=3

Distance between the centres = /41

3+3<4/41

Therefore, the circles C and D do not touch.

5*=0.75
xlog5=10g0.75
o log 0.75
log5
=—0.179 (3 s.f)

2logs x—log,3x =1
log, x* —log,3x =1

x=0orx=15
sincex#0,x=15
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18a 3*'=10
(2x—1)log3 =1log10
log10

2x—1)=
(x ) log3

x:l log10+1
2\ log3

= 1.55 (3 s.f)

b log, x+log,(9-2x)=2
log, (x(9-2x))=2
x(9—2x):22
2x*=9x+4=0
(2x—1)(x—4)=0

1

x=— or x=4

19a logp12—(%logp9+%logp 8)

! 1
=log, 12—[10gp92 +log, 83j

=log, 12—<logp3+logp 2)
=log,12-log, 6
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20 log 64 +3log, x—log 4=5

log 64+ —log . 4=5

log 4

log 4’ —log 4+ =5

log 4

3
log, a + 3 =5
4 log_4

log 47 +

2log 4+

logx4_
Let y=log 4, so
2y+é:5

Y

2y* +3=5y
2y* —5y+3=0
(2y-3)(y-1)=0
y:i or y=1

2
Therefore

logx4=§ or log 4=1

When log 4= %

3

x2=4

x=2.52 (3s.f)
When log_4=1
x'=4

x=4
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21 log, x+6log 2="7

log, x+ =7

log, x

Let y =log, x, so
y+£:7

Y
V' =7y+6=0
(y=-1)(y-6)=0
y=lory=6
Therefore
log, x=1or log,x=6
When log, x =1
x=2
When log, x=6
x=20=64

12y
22 log, 9t =log, (7) +2

log(lzj2
log 9¢ _ t 4

log3 log9
1029 210g(12j
og9t _ t) 5
log3 2log3

log 9t = log (%j +2log3

log9¢ =log (gj

_108
t

=12

=23

t+ —2\/5 , since it’s not valid.

Ot
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23a (1-2x)"°

=1"° +{10j19(—2x)+(10}8(—2x)2
1 2
{lojﬂ(—zxf + ...
3

= 1+10(=2x)+ @(—2@

10(9)(8) (2] +

=1-20x + 180x* —960x> + . . .

+

23b (0.98)'"°
=(1—-2(0.01)'°
=1-20(0.01) + 180(0.01)*> — 960(0.01)* + . ..
=0.817 (3 d.p.)

24 (1+2x)°=1+ S 1*(2x)+ s PRx)>+ ...
1 2
54)

2
=1+ 10x+40x>+...

=14+502x)+ (2x) + ...

Q-1 +2x)°=2—x)(1+10x+40x>+...)

=2+20x+80x*+...—x— 102+ ...

=2+ 19x+70x>+. ..
~ 2+ 19x + 70x?
a=2,b=19,¢=170

25 (2 4x)t

x term = 297 (—4x)'
q
qg-1

=g %291 x—4x
=—4 x 21 lgx
—4 x 217 1g=-32¢
2971=38
g—1=3
q=4
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26 a Using the binomial expansion
() =1+(3 )(4x)+( )( ) 4y +—(3)(§3)( 2 4y

=1+6x+6x>—4x +...

(3 (12}
P L1+4L100U (100
( h2Y
~| V0o
1124122
1000
(3Y (3Y (3Y
¢ 146 oI +6{ 105) ~*jog) =118522
o@~1185292
1000

=112 = % =10.582962857...=10.58296 (5 d.p.)

d Using a calculator 4112 =10.5830052 (7 dp.)

10.5830052 —10.5829643
Percentage error = x 100 =0.00039% (5 d.p.)
10.5830052

Note, you will get different answers if you use values rounded to 5 d.p. in calculating the
percentage error.
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Challenge

1 a f(x):2x4+ax3—23x2+bx+24
x*> +x—6 is a factor so
2x2+(a—2)x—(9+a)
x2+x—6>2x4+ax3—23x2+bx+24

2x* +2x° —12x°
(a—2)x3 —11x* +bx
(a—Z)x3 +(a—2)x2 —6(a—2)x
(=9—a)x’ +(6a+b—12)x+24
(—9—a)x2 +(—9—a)x—6(—9—a)
(7a +b—3)x+(—30—6a)

Since x* +x—6 is a factor

-30-6a=0=>a=-5
Ta+b-3=0=b=38

Alternative solution: by factorisation:

2x* +ax’ —23x° + bx +24

(X* +x-6)(2x° —7x—4)

x* coefficient: a=2-7=-5
x coefficient: b=—-6x-7—-4=38

b Substitute for ¢ and b into
2x’ +(a=2)x—(9+a)=0
2x* =Tx-4=0
(2x+l)(x—4):0
Therefore
2x" +ax® —=23x7 +bx+24 = (x* +x—-6)(2x+1)(x—4)

:(x+3)(x—2)(2x+1)(x—4)
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2 f(x)zax3 +bx* +cx+d

f(-2)=-11=-8a+4b—2c+d=-11 (1)

f(l)=4=a+b+c+d=4 )
(x+2)(x—1)=x2+x—2
ax+b+a

x° +x—2>ax3 +bx* +ex+d

2
ax® + ax® = 2ax

bx* —ax® +2ax +cx
bx* +bx—2b
—ax’ +2ax—bx+cx+2b+d
ax’ +ax—2a
3ax—bx+cx—2a+2b+d
x(3a—b+c)—2a+2b+d

So the remainder is:
x(3a—b+c)—2a+2b+d

Equation (1) — equation (2) gives:
—9a+3b—-3c=-15
3a-b+c=5 Q)

Equation (1) — 2 x equation (2) gives:
—6a+6b+3d =-3
—2a+2b+d =-1 )

Substituting equations (3) and (4) into the remainder gives:
Sx—-1

So the remainder is 5x—1.

3 Rearranging x* + )7 + 8x — 10y = 59:

x>+ 8x+3)?— 10y =59
Completing the square:
(x+4yY—-16+(—-57>-25=59
(x+472+(y-5)%=100
Both circles have the same centre at (—4, 5). The radius of one circle is 8 and the other is 10, so
(x+4)* + (y — 5)* = 8 lies completely inside x*> + y* + 8x — 10y = 59.
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82y+1 — 42x—2
(2y+1)log8=(2x—2)log4
3(2y+1)log2=4(x—1)log2

Solution Bank

6y+3=4x-4
_4x—7
6
log, y=1+log, x
log, =7 :1+10g_2x
6 log, 4
4x-7 1
lo =1+—log, x
g, 6 > g,
1
log, 4x6 ! =1+log, x*
10g2 4x—17 :1
6x2
4X—17:2
6x2
1
4x—-12x2-7=0
1
Letz= x2
4z*-12z-7=0
(2z+1)(2z—7):0
1 7
Z=—— 0rz=—
2 2
So

x?=——orx?=
49

X=— orx=—
4

When x=—
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5 LHs- (ZHZHJ

n! n!
T K=k k+D—k—1)!
__ nl(k+]) N nl(n—k)
(k+D)I(n—k)! (k+1)(n—k)!
_ al((k+ D)+ (n—k)
(k+1D)(n—k)!
_ nl(n+1)
(k+D)!(n—k)!
(D!
(k+D)(n—k)!
B n+l
_(kHJ

= RHS
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