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Decision Mathematics 2

Allocation problems 2E

1 The initial cost matrix is shown below (with the numbers representing minutes):

Task C Task D Task E
Worker L 37 15 12
Worker M 25 13 16
Worker N 32 41 35

The following linear programming problem can be formulated to minimise the total time taken.

Decision variables:
1 if worker i does task j
Let X, =

0 otherwise
where ie{L, M, N} and je{C, D, E}

Objective function:
To minimise the total time (in minutes) taken P.

Minimise P =37x,.+ 15x,, + 12x,,
+ 25x,,c + 13x,,, + 16x,,

+ 32xy. + 4lx,, + 35x,,

Subject to the following constraints:

Each worker can be assigned to at most one task:

Xo+ X+ X, =1 or Zij =1
Xye+ Xyp+ X, =1 or D> xy =1
Xye + Xpp + Xpp = 1 or Zx,\,j =1

Each task must be done by just one worker:

Xo+ Xyet+ Xye=1 or D xe=1
Xpp+ Xyp+ Xyp =1 or inu =1
Xpp+ Xyp + Xyp = 1 or inE =1
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2 The initial cost matrix is shown below (with the numbers representing hundreds of pounds):

Task § Task T Task U Task V
Worker C 36 34 32 35
Worker D 37 32 34 33
Worker E 42 35 37 36
Worker F 39 34 35 35

The following linear programming problem can be formulated to minimise the total training cost.

Decision variables:
1 if worker i is trained in task j
Let x; =

0 otherwise
where ie{C,D,E,F}and je{S, T, U, V}

Objective function:
To minimise the total training cost (in hundreds of pounds) P.

Minimise P =36x., + 34x., + 32x., + 35x,,
+ 37xp5 + 32x,, + 34x,, + 33x,,
+ 42x,¢ + 35x,, + 37x,, + 36x,,
+ 39x. + 34X, + 35x,, + 35x,,

Subject to the following constraints:

Each worker is to be trained in exactly one task:

Xeg + Xop + Xy + Xeop = 1 or D oxg =1
Xps + Xpp+ Xpy + Xpp = 1 or > xp =1
Xpg + Xpp + Xpy + X = 1 or szj =1
Xpg + Xpp + Xppy + Xy = 1 or Doxy=1

Each task must have one worker trained to carry it out:

Xeg + Xpg + Xpg + Xpg = 1 or Dixs=1
Xer + Xpr+ Xpp + Xpp = 1 or inr =1
Xy + Xpy + Xgy + Xy =1 or Dxy =1
Xy + Xpy + Xy + Xy = 1 or > ox, =1
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3 The initial cost matrix is shown below (with the figures representing the number of names and

addresses):
1 2 3
A 11 15 -
B 14 18 17
C 16 13 23
D 15 14 22

Replacing the ‘—’ entry with a large value of 1000 gives:

1 2 3
A 11 15 | 1000
B 14 18 17
C 16 13 23
D 15 14 22

The following linear programming problem can be formulated to maximise the number of names and
addresses collected.
Decision variables:

1 if worker i is assigned to site j

Let x; = i
0 otherwise

where ie {4, B, C,D} and j {1, 2,3}

Objective function:
To maximise the number of names and addresses collected P.

Maximise P=11x, + 15x,,
+ 14x, + 18x,, + 17x,,
+ 16x,, + 13x., + 23x.,
+ 15x,, + 14x,, + 22x,,

Subject to the following constraints:

Each worker must be assigned to just one site:

Xyt X+ x,;=1 or ZXAJ =1
Xp + X+ Xpy =1 or bey =1
Xei+ Xep+ Xy =1 or ZXCJ =1
Xp + Xpy + Xp, =1 or > ox, =1

Each site must be assigned to just one worker:

X+ X+ X+ Xy, =1 or Zxﬂ: 1
Xypt+ Xgot Xpp+ Xy, =1 or inzz 1
Xyg+ Xgy+ Xy + Xpy = 1 or in3 =1
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4 a The initial cost matrix is shown below (with the numbers representing £100s):

w X Y VA
A 12 8 11 9
B 14 10 9 13
C 11 9 12 10
D 13 11 10 12

As the table above is an n by n matrix (with n = 4), we do not need to add any additional dummy
rows or columns.

To maximise the profit, subtract every number from the largest value in the table.

b The largest value in the table is 14. Subtracting every value from 14 the table becomes:

w X Y VA
A 2 6 3 5
B 0 4 5 1
C 3 5 2 4
D 1 3 4 2

The smallest numbers in rows 1, 2, 3 and 4 are 2, 0, 2 and 1. We reduce rows first by subtracting
these numbers from each element in the row. The table becomes:

w X Y VA
A 0 4 1 3
B 0 4 5 1
C 1 3 0 2
D 0 2 3 1

The smallest numbers in columns 1, 2, 3 and 4 are 0, 2, 0 and 1. We reduce columns by
subtracting these numbers from each element in the column. Therefore, the reduced cost matrix is:

w X Y VA
A 0 2 1 2
B 0 2 5 0
C 1 1 0 1
D 0 0 3 0

We can cover all the zeros with four lines, so we have found our optimal solution of:
A-WwW(12)
B-Z7Z(13)

C-Y(12)
D-X(11)

Maximum profit = 100 x (12 + 13 + 12 + 11) = 100 x 48 = £4800
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4 ¢ Using the initial cost matrix below the following linear programming problem can be formulated
to maximise the amount of profit made.

w X Y
A 12 8 11 9
B 14 10 9 13
C 11 9 12 10
D 13 11 10 12

Decision variables:
1 if worker i does task j
Let X, =

0 otherwise
where ie{4,B,C,D} and je{W,X,Y,Z}

Objective function:
To maximise the total profit (in £100s) P.

Maximise P=12x,, + 8x,, + 1lx,, + 9x,
+ 14x,,, + 10x,, + 9x,, + 13x,,
+ 1x.y + 9xpy + 12x, + 10x,,
+ 13x,, + 1lx,, + 10x,, + 12x,,

Subject to the following constraints:

Each worker can be assigned to at most one task:

X+ X+ Xy+x,=1 or >x, =1
Xy + Xpy + Xgy + X5, = 1 or ZxBj =1
Xew + Xey + Xoy+ Xy =1 or D oxg =1
Xpy + Xpy + Xpy + X, = 1 Or ZxDj =1
Each task must be done by just one worker:

Xy + Xpy + Xpyy + Xpy =1 OF D xy =1
X+ Xpy+ Xy + Xy =1 or D xy =1
Xy + Xgy + Xpp + Xpy = 1 or le.Yz 1
Xy + Xgy+ Xoy+ X, =1 or >ix,=1

Alternatively, the linear programming problem on the next page shows the problem formulated as
a minimisation problem using the modified cost matrix found in part b.
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4 ¢ (continued)

Modified cost matrix from part b:

w X Y VA
A 2 6 3 5
B 0 4 5 1
C 3 5 2 4
D 1 3 4 2

Decision variables:
1 if worker i does task j
Let x; =

0 otherwise
where ie{4,B,C,D} and je{W,X,Y,Z}

Objective:
To minimise the objective function P.

Minimise P =2x,, + 6x, + 3x,, + 5x,,
+ 4x,, + Sxp, + X,
+ 3xpp + Sxpoy + 2X4, + 4X,,

+ Xpy + 3xp + 4xpy + 2x,,

Subject to the following constraints:

Each worker can be assigned to at most one task:

Xyt X+ X+ x,,=1 or ZxAj: 1
Xgy + Xgy + Xgy + X, = 1 or D xy =1
Xy + Xy + Xy + Xy = 1 or Dxg =1
Xpyw + Xpy + Xpy + Xp, = 1 O > x, =1

Each task must be done by just one worker:

Xyt Xy + Xop + Xp = 1 0T Dixy =1
Xy T Xpy + Xex + Xpy = 1 or inX: 1
Xyy+ Xgy+ Xop+ X, =1 OF Dixy=1
X+ X, + X+ Xp, =1 or le.Z: 1
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