Further Pure Mathematics 1 SolutionBank

Vectors 1A

1 Usetheresults ixi=jxj=kxk=0,ixj=kandjxi=-k, jxk=iand kx j=-i,
and kxi=jandixk =—j

a Sjxk=5(jxk)=5i
b 3ixk =3(ixk)=-3j
¢ kx3i=3(kxi)=3j

d 3ix(9i—j+k)=3ix9%i-3ixj+3ixk
=27(ixi)—3(ixj)+3(ixk)
=0-3k-3j=-3j-3k

e 2jxCBi+j-k)=2jx3i+2jxj-2jxk
=6(x1)+2(jx j)—2(j x k)
=—6k -2i=-2i—-6k

£ Gitj-k)x2j=3ix2j+jx2j—kx2j

=6(ix J)+2(jxJ) - 2(k x j)
=6k +2i=2i+6k

(s) (1)
g H><{1J=(5i+2jk)x(ij+3k)
1] |3

=5(ixi)—5(ix )+ 15 xK)+2( x i) = 2(j x )+ 6(j x K) - (k x i)+ (k x j) + 3(k x K)
=5k —15j— 2k +6i—j—i
=5i—16j— 7k

(5 )

{

Alternatively, write the vector product as the determinant of a 3 x 3 matrix:

(s) (1)
2| x| =1|=Gi+2j-k)x (i—j+3k)
1) 3
i j kK
2 - 5 - 5 2
=5 2 -l=i ‘—j‘ +k ‘
-1 3 3T 4
1 -1 3

=i(6-1)— j(15-(-1)) +k(-5-2) =5i—16j- 7k
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1 h

2 (1
—1|x| =2 |=(2i-j+6k)x(i—2j+3Kk)
6) |3

=2(ixi)—4(ixj)+o6(ixk)—(jxi)+2(jxj)—-3(jxk)
+6(kxi)—12(kx j)+18(k xk)
=—4k-6j+k-3i+6j+12i
9i -3k
9
=l 0
-3

Alternatively, write the vector product as the determinant of a 3 x 3 matrix:

i j ok
Qi-j+6k)x(i-2j+3k)=[2 -1 6
1 -2 3
= ((-1)x3-6%x(=2)i—(2x3-6x1)j+(2x-2—(-1)x D)k
=9i—0j-3k
=9i-3k
1) (2
5 x| =1 |=(@i+5j—4Kk)x(2i— j—K)
—4) (-1

=2(ixi)—(ixj)—(ixK)+10(jxi)—5(jx j)—5(jx k) —8(kxi)+4(k x j) + 4(k xKk)
=-k+j-10k-5i-8j—4i
=-9i-7j-11k

-11

Alternatively, write the vector product as the determinant of a 3 x 3 matrix:
i j Kk
(i+5j—4k)x(2i—-j-k)=|1 5 -4
2 -1 -1
=(5x(-)-(-4)x(-Di-(Ax(-)—(-4)x2)j+ (Ix-1-5x2)k
=-9i-7j-11k
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(3) (1)
1§ |0]x|-1]|=@Gi+2Kk)x(i—j+2k)
2] |2

=3(ixi)—3(ix j)+6(ixK)+2(k x i) - 2(k x j)+ 4(k x k)
= 3k-6j+2j+2i
=2i—4j-3k

(7))

13

Alternatively, write the vector product as the determinant of a 3 x 3 matrix:
3 1 i j k
0[x|-1{=3 0 2[=2i-(6-2)j-3k=2i-4j-3k
2 2 1 -1 2

2 Vector products can be calculated directly or by using determinants. The method using determinants
is shown in these solutions.

a a=(li+2j+k),b=(i-3k)

i j k
axb=14 2 1
1 0 -3

= (2x(=3)=1x0)i—(Ax(=3) = 1x1)j+ (Ax0—2x D)k
=—6i+(31+1)j—2k

b a=(2i—j+7k),b=(i-Aj+3k)

i j k
axb=2 -1 7
1 -4 3

=(=Ix3=Tx(=ANi-(2x3-TxDj+(2x(-4) - (- xDk
=(7TA-3)i+j+(1-24)k
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3 Let a=2i—j and b=(4i+j+3k)

i j k

axb=2 -1 0

4 1 3
=-3i—-6j+06k

a x b is perpendicular to both a and b.

So to obtain the unit vector, find the magnitude of a x b

12 xb|=+/(=3) +(=6)} + 6
=/9+36+36 =/81=9

So a unit vector perpendicular to both a and b is

1 1 1, 2, 2
—(axb)==(-3i-6j+6k)=——i——j+ -k
g (@xb)=1( J+6k)=—Zi-Zj+3
Multiplying this vector by —1 will give another unit vector that is perpendicular to a and b, so another
: 1,2, 2
possible answer is —i+—j——k
3 373

4 Let a=4i+k and b=j—+2k

i j k
axb=4 0 1

0 1 —2

=—i+4/2j+4k

axb|=y(—1)? + (442)? + 42
=1+32+16 =\/49=7

So %(—i +42 j+4K) is a unit vector, which is perpendicular to 4i+k and to j—+/2k

5 Let a=i—-j and b=3i+4j-6k

i j k
axb=[1 -1 0

3 4 -6

=6i+6j+ 7k

laxb|=V6"+6"+7
=V36+36+49=+121=11

So 1—11(6i +6j+7K) is the required unit vector.
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6 Leta=i+6j+4k and b=5i+9j+8k

axb= =12i+12j-21k

DN — [l
O O\
o~ K

laxh|=4127 122 +(-21)’
=144 + 144 + 441 =~[729 = 27

4
9
So the required unit vector is 2L7(12i +12j-21k) = é(4i +4j-7k) = g
_1
9
7 Let a=4i+k and b=~2j+k
i j k
axb=|4 0 1 |=—2i-4j+4/2k
0 V2 1
Jaxb|=y(-v2)? +(-47) + (42)’
= J2+16+32) =50 =5V
So %(a x b) has magnitude 5 and is perpendicular to a and b.
2
(1)
So the required vector is %(—\Ei— 4j+ 4\/5k) =—i- 2\/5j +ak=| -22
2
4

8 Let a=i+j—k and b=i-j+k
i j k
axb=|1 1 -1[=0i-2j-2k=-2j-2k
1 -1 1

laxb | =4/(-2)* +(-2)
=V4+4=8=2J2=283 (3s.£)

9 a ab=(-1)x5+2x(-2)+(-5)x1=-5-4-5=-14

i j k
b axb=|-1 2 -5|=-8i—24j—8k
5 2 1
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9 ¢ [axh|=x(-8) +(=24)" +(=8)> =8(=1)> +(=3)’ +(~1)* =811

b b

Unit vector in direction axb is —8i—24j-8k) = -i-3j-k
SJH( j—8k) \/ﬁ( i-k)
: b
10 Use sinf = |axb] for these problems.
|a|[b]
a |a|=+/3+(-4) =25=5
b|=v22+2>+1* =4/9=3
i j k
axb=|3 -4 0 |=—4i-3j+14k
2 2 1

laxb|=4/(=4)" +(-=3)* +14? =221

Let € be the angle between a and b then

. V221 221
sinf = =—
5%3 15

b |a|=vP+22 =45
b|=+52+4% +(=2)" =45 =35

k

2 |=—10i+10j-5k

i j
axb=|0 1
5 4 2

[axb|=4/(=10)>+10% +(=5)? =v/225 = 15

Let & be the angle between a and b then
15 15

sin=—F——+=—=1
x/§><3\/§ 15
¢ [a|=V5+27+2 =433 Ib|=V42+42+12 =33

axb= —6i+3j+12k  |axb|=+/(=6)"+3 +122 =189 =321

A O -
N S R
—_ N

Let & be the angle between a and b then

g SN TR NETRET]
J33xa33 33 11
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11 The direction of line / is i+2j+ 3k
The direction of the /,1s 2i— j+k

A vector perpendicular to both /, and /, is in the direction:

i j k
1 2 3[=5i+5j-5k
2 -1 1

So any multiple of (i+ j—Kk) is perpendicular to lines /, and /,

12 Calculating the vector product using the determinant gives:

i j k
axb=|1 3 -1
2 u v

=@v+u)i-(v+2)j+(u-6)k
As axb=wi-6j— 7k, equating i, j and k components gives:
vtu=w (1)
v+2=6 )
u—6=-7 3)

From equation (2): v=4
From equation (3): u=-1
Substituting for v and  in equation (1): w=12—-11e. w=11

So solutionis u=-1, v=4 and w=11

13a Calculating the vector product using the determinant gives:

i j k
qxp=/0 1 -1
a -1 4
=3i—aj—ak

As qxp =3i-j+bk, equating components of i, j and k gives:
a =1,from j component.
—a = b,from k component, so h=—1

Solutionis a=1 and b=-1

b pqgq=ax0+(-1)x1+4x(-1)=-5

Ipl=ia’ +(-1)7+4> =18 as a=1 |q|=++(-1)> =~2
-5

.. P-q
From definition of scalar product cosd = ——= cosf = =—=——
pllq] JisV2 6 6

This gives the obtuse angle between the vectors.

The cosine of the corresponding acute angle is %

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 7



SolutionBank

Further Pure Mathematics 1

14 Given axb =0 and a #0 and b # 0, this implies that a is parallel to b, i.e. a =cb where c is a scalar

constant. So:

() (3)

i

Comparing each term of the matrices gives:

30=2:c=g
3
1=/10—g/1:/1=i
3 2
—1= C—g = —_g
H 3ﬂ H >
An alternative method is to find the vector product:
i j k
axb=2 1 -ll=(u+D)i-Qu+3)j+(21-3)k
3 1 u

As axb=0=>pu+1=0,2u+3=0,2A-3=0

15 a+b+c¢=0 )]

Multiply equation (1) first by a and then by b.
First taking the vector product of a and equation (1)

ax(a+b+c)=ax0
—axa+axb+axc=0

=axb+axc=0 asaxa=0
—axb-cxa=0 asaxc=-cxa

—=axb=cxa

Taking the vector product of b and equation (1)

bx(a+b+c)=bx0
=bxa+bxb+bxc=0

=bxa+bxc=0 asbxb=0

= -axb+bxc=0 asbxa=-axb
=bxc=axb

So axb=bxc=cxa
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Challenge
To show that ais parallel to b+¢, show that ax(b+¢)=0
ax(b+c)=axbt+taxc=cxataxc asaxb=cxa
=—axctaxc=0 ascxa=—-axc¢

As a is non-zero, this implies that a is parallel to b + ¢
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