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Complex numbers Mixed exercise 1

1 a z,+z,=(8-3i)+(-2+4i) 5 f(z)=2z"-6z+10

=6+i f(3+i)=(3+i) —6(3+i)+10
=9+3i+3i+i° ~18-6i+10
(9-1-18+10)+(3+3-6)i
=0

b 3z, =3(-2+4i)
=—6+12i

c 6z,—2,=6(8-3i)—(—-2+4i ..
1 %2 ( ) ( ) 6 a If z=4+2i thenz, isthe complex

= 48-18i+2—4i ! - )
—50_22j conjugate. SO z;, =4-2i

2 Ifz’ +bz+14=0 has no real roots then the b zz,=(4+2i)(-3+i)
discriminant< 0 — _12 4 4i —6i + 2i
b? —4(1)(14) <0 ——14-2i

b® <56 .
56 <b <56 c 222
z, —3+i

214 <b< 214 _(4+2i)x(_3_i)

3 72-62+12=0 (=3+i) (-3-0)
Solve k;y completing the square: 12— 4i—6i -2
(2-8)"-9+12=0 T 943i-3i-1

(Z _3)2 -3 _ -10-10i
_ ~ 10
7-3=+i\3 =—1—ij
z=3ii\/§ ,
7 (7-2i) =49-14i —14i + 4i°
S0z, =3+iy/3 andz, =3-i\/3 — 45-28i
5 (7-2iF  (45-28i) (1-1V3)
. . . = X
4 Toexpand(1+2i)" use the binomial 1+iV3 (1+i\/§) (1—iJ§)

expansion of (a+ b)5 . )
(a+b)5 =a’ +5a’b+10a’h? _ 45 — 4513 — 28i + 28i%/3

1-iV3+iv3~(3) i
+10a%b® +5ab* +b°
So :45—28\/§+(—28—45\/§Ji
(L+2i) = (1) +5(1)" (2i)+10(2)*(2i)’ 4 4
+10(1)° (2i) +5(1)(2i)" +(2i)’
=1+10i +40i? +80i* +80i* + 32i°
Use the fact thati? = —1,i* =—i,i* =1
andi® =i to simplify
(1+2i)’ =1+10i — 40 —80i +80 + 32i
= 4138
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4-Ti 3. 10 If z=a+Dbi, thenz" =a—bi
z _ Soi=a+bi
, AT 2" a-bi
3+i _(a+bi) (a+bi)
__(4=7) (3-) “(a=bi) (a+bi)
3+i (3-) _ a’+abi +abi +b?i?
12— 4i-22i + 7i ~ a” +abi—abi b’
9-3i+3i-i° _a®—b? + 2abi
5 25i T aap?

10 (@ -b? J{ 2ab ji
=%_%i a’+b? ) la?+b?

9 7oL 11a 7=314

2+i q->5i
1 (2-0) Multiply by the complex conjugate

(2+1) (2-i) ,_(3+4i) (a-+5i)

8

2] ~(a-5i) (q+5i)
T 4-2i+2i-12 _ 3q+15i +q°i +5qi’

2-i_2 1, ~ g” +50i —5qi — 25i°
5

l=—0=
55 [ —2q N q°+15 i
g°+25) (g°+25

y (202
U5 5 The real partofzis%,so

4-2i-2i+17 g 1
25 9?°+25 13

Soz =2%—2—5i -260=0°+25
q°+26q+25=0
(q+25)(q+1)=0
Sogq=-1orq=-25
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b If g=-1

_2(-1) +(—1)2+15i
(-1+25 (-1)°+25
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_ 950 _ 640;
=650 " 650"
_ 1,64,

13765
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12 z+4iz" =-3+18i (*) 15a If 6—2i isaroot, then the complex
conjugate 6+ 2i is also a root.
Substitute z=x+iy andz" =x—iy in (*)

X+1y +4i(x—iy)=-3+18i b (z—(6-2i))(z—(6+2i))
X +1y +4xi — 4yi’ = -3+18i =2"—(6+2i)z-(6-2i)z
(x+4y)+(4x+y)i=-3+18i +(6-2i)(6+2i)
=7*—6z—2iz—62+2iz
Equate real parts and imaginary parts: +36+12i —12i — 4i°
x+4y=-3 (1) =7*-122+36+4
4x+y=18 (2) =7°-12z+40

_ The equation is z*—12z+40=0
Multiply (2) by 4:

16X +4y =72 (3) 16 1f z=4—Kki is a root, then the complex
Subtract(l) from (3) conjugate 4+Ki is also a root.
15x=175,50x =5 72— (4—ki))(z—(4+Ki
Substitute x =5 into (2) ( (2 ))( ) ( ))
4(5)+y=18, soy=-2. =2 —(4+ki)z—(4-ki)z
+(4—Kki)(4+ki)
13 2 _9+6i =7? — 47 —kiz — 4z +kiz
w  2-3i +16 + 4ki — 4ki — k%
Multiply by the complex conjugate —72-87+16+k?
z (9+6i) (2+3i)
W 2-3 243 S0 22 ~82 +16k? = 22 — 2mz + 52
18+ 27i +12i +18i? Equate z coefficients:
T A16i—6i_0i° —8=2m, so m=4,
39. Equate constants:
~13' 16+k? =52, 50 k? =36 = k =6
=3i But k >0, so k=6.
14 =953
4 +qi

Multiply by the complex conjugate
_(q+3i) (4-qi)

7= < x :
(4+qi) (4-qi)

_ 4q-0°+12i - 3qi’
16 — 4qi + 4qi — q%*
49+3q 12-0°.

= + i
16+q°> 16+q

2

_ 7q +12—q i

16+q> 16+¢°

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Core Pure Mathematics Book 1/AS

171f 2+i isaroot of h(z)=0 then the
complex conjugate 2—i is also a root.
h(z)=(z—(2+1))(z-(2-1))
= 22 —(2-i)z—(2+i)z+(2+i)(2-i)
=7°-27+iz2—-22—iz+4-2i+2i —i?
=72 -4z+5

Divide to find the remaining factor
z+4
2" ~47+5)7° +02° 112+ 20

78 —47% + 57
47° -162+20
47° -162+20
0
So h(z)=(2*-4z+5)(z+4)=0
has roots 2+i, 2—i and—4

181f f(1+3i)=0, then f(1-3i)=0.

So f(z)=(z—(1+3i))(z—(1-3i))
=2"—(1-3i)z—(1+3i)z+(1+3i)(1-3i)
=7*—7+3iz—2z—-3iz+1-3i +3i - 9i°
=7°-2z+10

Divide to find the remaining factor

Z+2
22—22+10>z3+022+ 62 + 20

7°-27° +10z
27— 47+20
27— 47+20
0
So 2°+62+20=(2" —22+10)(z+2)
either (22 -2z +10)=0:> z=1+3i

(as these were the roots given at the
beginning of the question)
or z+2=0=2z=-2

So the roots of z°+6z+20=0
are 1+3i, 1-3i and -2

19a f(z)=2"+32"+kz+48
If f(4i)=0, then:
0=f (4i)
= (4i)’ +3(4i)" +k (4i)+48
= 64i° + 48i” + 4ki + 48
= —64i— 48+ 4ki+ 48
— (4k —64)i

Hence 4k —-64=0= k =16.

b If 4i isarootthen —4i is also a root and
(z—4i)(z—(-4i)) is a quadratic factor of
f(z)

Now (z—4i)(z—(—4i)) =(z—4i)(z+4i)
= 7% + 4iz — 4iz —16i?
=22+16

Divide to find the remaining factor

Z+3
72 +0z +16> 22 +32°+16z+48

2° +0z° +16z
322+ 0z+48
3z%+ 0z+48
0
So f(z)=(z"+16)(z+3)=0 has two
other roots which are —4i and -3

20a z'-7°-162°-742-60
=(2°-52-6)(2* +bz+c)
Equate z* coefficients:
b—-5=-1 so b=4.

Equate constants:
—6¢c =-60, so ¢c=10.
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20b 0=f(z)
= (2 -52-6)(2* +4z+10)
=(2-6)(z+1)(2* +4z+10)
Either z-6=0=12z=6

or Z+1=0=>1z=-1
or 722 +4z+10=0
(z2+2)"-4+10=0
(z+2)2 =6
z+2=ii\/€
z:—ZJ_ri\/g

So the roots of f(z)=0
are 6, -1, —2+i/6 and—2—i/6.

211f g(3—2i)=0 then g(3+2i)=0 and
(z—(3-2i))(z—(3+2i)) is a quadratic
factor of g(z)

Now (z—(3-2i )( 3+2|)
=7 —(3+2|)z (3-2i)z
+(3-2i)(3+2i)
=72 -3z—2iz—3z+2iz+9+6i —6i —4i°
=2°-62+9+4
=72-62+13

Divide to find the remaining factor
7> +6
7?2 -6z +13> 7" —62°+19z° -362+78
7" -67°+13z°
6z° —36z+78
6z° —36z+78

0

0=9(z)
:(z2 +6)(z2 -6z +13)
Either z2-6z+13=0

=z=3%2i
(as these were the two original roots)
or 22+6=0
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22a f(z2)=7"*

21 (cont.)

So the roots of g(z)=0 are

3+2i, 3-2i, i/6 and—i/6.

2° —57° + pz+24
0= f()
=4*-2(4)’ ~5(4)" +4p+24
= 25612880+ 4p+24

b If f(4)=0 then (z—4) is a factor of

f(z)
Divide to find the remaining factors
2°+27°+32-6
2-4)7"~27° 52" ~187+ 24
7' -47°
27° —57°
27° —87°
37218z
328 -12z
—-6z+24
—-6z+24

0

So 0="f(z)
=(z—4)(23+222+32—6)

Either z—-4=0=>12z=4
or z2°+2z°+32-6=0 *)

Now (*) is a cubic equation, so must have
at least one real root (since complex roots
always come in pairs).

Try small real values of z to find

a factor of (*):

Let z=1: (1) +2(1)" +3(1)-6=0
So z=1isaroot of (*), and hence z-1 is
a factor.
So 2°+27° +32-6=(z-1)(2* +bz+c)
Equate z° terms:

-1+b=2,s0 b=3
Equate constants:

—-6=-C,50C=6
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22b (cont.)
Hence
z‘°’+222+32—6=(z—1)(22+3z+6)
Either z=1
or
(22+3z+6 =0
3V _9.6_
(z+2) 4+6 0

-3, 15,

2

So the roots of f(z)=0 are

1, 4, [—§+@iJ and [—%—@i}

2 2

Challenge

a Suppose, for a contradiction, that a cubic
equation has repeated non-real roots. This
repeated root gives us two roots of the
cubic.
The complex conjugate of each repeated
root would also be a root of the cubic.
This means we have found four roots of
the cubic.
However, this is a contradiction, as a
cubic has exactly three roots in total.
Therefore, a cubic equation cannot have
repeated non-real roots.

b Any answer of the form (z+ ai)2 (z —ai)2
will work.

-\ 2 2
(z+ai) (z—ai)
=(z2 +2zai +a2i2)(z2 —2zai +a2i2)
=z* —2aiz® + a%i’z? + 2aiz® — 4a%°z®
+2a’i’z + a%i?z? - 2a’i*z + ati*
=7* —2az’i —a%z? + 2az’i + 4a%z?
-2a%zi-a%z* +2a’zi+a’
=z*+2a’z* +a*
This is a quadratic equation with real

coefficients. Its roots are non-real and
repeated.
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