Statistics and Mechanics Year 2 SolutionBank

Conditional probability 2A

1 a This is the set of anything not in set B but in set A. So the shaded region consists of the part of 4
which does not intersect with B, i.e. ANB'.

b The shaded region includes all of B and the region outside of A and B, i.e. BU A'.

¢ There are two regions to describe. The first is the intersection of 4 and B, i.e. AN B and the
second is everything that is not in either 4 or B, i.e. A’ B'. Therefore the shaded region is
(ANnB)u(A'NB").

d The shaded region is anything that is in 4 and B and C,i.e. AnBNC.

e The shaded region is anything that is either in 4 or Bor C,i.e. AUBUC.

f The shaded region is anything that is either in 4 or B but is not in C. So the shaded region consists
of the part of 4 B which does not intersect with C, i.e. (4UB)NC'.

2 a Shade set A. The set B’ consists of the region outside of 4 and B and the region inside A that does
not intersect B. Therefore AU B’ is the region consisting of both these regions.

A B|?¢

b Since this is an intersection, the region must satisfy both conditions. The first is to be in A". This
consists of two regions: one inside B and not in AN B; and one outside of 4 and B. The second
condition is to be in B’. Again, this consists of two regions: one inside 4 and not in AN B; and
one outside of 4 and B. Therefore A" N B’ is the region outside of 4 and B (since this region was
in both 4" and B’). One way to help picture this is to shade the regions 4" and B’ differently
(either with different colours or using a different pattern for each). The intersection is then the
region that includes both colours or patterns.

A B|é

¢ In order to describe (4N B)' it is sensible to first describe 4N B. This is the single region which
is included in both 4 and B. The complement is then everything except this region.

A B|%é
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3 a Theset (4N B)UC is the union of the sets 4N B and C. On the blank diagram, the set AN B

consists of the two regions that are both contained within 4 and B. The remaining regions within
set C can then be shaded in.

A B|€

C

First describe A" U B'. The set A" U B' is everything apart from A4 B. So the intersection of
A" U B' and C is everything in C apart from that part of C that intersects AN B.

A B|€é

C

First describe 4N BN (C'. Brackets have not been included since for any sets X, Y and Z
(XNnY)NnZ=XN(YNZ). The intersection of AN B and C’ is the region within 4N B that

does not intersect C. Therefore (AN BN (")’ is everything except this region.

B|%

N

4

K is the event ‘the card chosen is a king’.

4 1
R

C is the event ‘the card chosen is a club’.

P(C) =%

C N K is the event ‘the card chosen is the king of clubs’.

1
P(CNnK)=—
( ) =

C UK is the event ‘the card chosen is a club or a king or both’.
P(CUK)= 16 = 4
52 13
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4 e (' isthe event ‘the card chosen is a not a club’.

P(C") =%

f K'NC isthe event ‘the card chosen is not a king and is a club’.
pk o= 223
52 13

5 Use the information in the question to draw a Venn diagram that will help in answering each part.

g

N
o]

0.4

a AU B is the region contained by sets 4 and B. So P(AUB)=0.4+0.1+0.1=0.6
b B’ is the region that is not in set B. P(B')=0.8
¢ AN B’ is the region inside set 4 but outside set B. P(AN B')=0.4

d AU B’ is the region inside set 4 and the region outside set B, i.e. everything but the region inside
set B that is not also in set 4. P(4UB')=0.4+0.1+0.4=0.9

6 Use the information in the question to draw a Venn diagram that will help in answering each part.

g

a
o

0.1

a (C'N D is the region inside set D but outside set C. P(C' " D)=0.25
b CnN D' is the region inside set C but outside set D. P(CN D")=0.5
¢ P(C)=0.65

d C'u D' is the region outside set C and the region outside set D, i.e. everything but the region that
is in both sets C and D. P(C'U D")=0.85
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0.35

b i P(H U C)means that either one of HNC', HNC or H' N C occurs. Alternatively,
P(HUC)=P(H)+P(C)-P(HNC)=0.5+0.4-0.25=0.65

ii H'NC is the region inside set C but outside set . P(H' " C)=0.15

iii U (' is the region inside set H and the region outside set C, i.e. everything but the region
inside set C that is not also in set H. P(H U C(C")=0.254+0.25+0.35=0.85

8 a Only the possible outcomes of the two events need to considered, and so the Venn diagram should
consist of two circles, one labelled ‘R’ for red and one labelled ‘E’ for even. They should intersect.

R E|¢

10

b i Note that n(RU E)=n(R)+n(E)-n(RNE)
n(RNE)=n(R)+n(E)-n(RUE)
=>nRNE)=17+30-40="7

ii Theregion R' N E' lies outside of both R and E.
Since there are 50 counters, n(R'NE')=50-n(RUE)=50-40=10
So P(R’mE’):E:l:OQ
50 5
iii From partbi n(RNE)=7, son(RNE) =50-7=43

So P(RNE))= g =0.86
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9 a Since 4 and B are mutually exclusive, P(4N B) =0 and they need no intersection on the Venn
diagram. From the question, P(4 N (C)=0.2 and so this can immediately be added to the diagram.
Since B and C are independent, P(BNC)=P(B)xP(C)=0.35%0.4=0.14 and this can also be
added to the diagram. The remaining region in B must be P(B)—P(BN(C)=0.35-0.14=0.21, the
remaining region for 4 must be P(4)-P(4ANC)=0.55-0.2 =0.35 and the remaining region for C
must be P(C)-P(ANC)-P(BNC)=0.4-0.2-0.14 =0.06. This means that the region outside
of A, Band Cmustbe 1 —0.35-0.2—-0.21 - 0.14 — 0.06 = 0.04.

€

b i Theset A'N B’ must be outside of 4 and outside of B. These two regions are labelled 0.06 and
0.04. Therefore P(A'N B")=0.06+0.04=0.1

ii Theregion BN (" is the region inside set B but outside set C, it is labelled 0.21 on the Venn
diagram and is disjoint from A. Therefore P(AU(BNC"))=P(A)+0.21=0.55+0.21=0.76

iii Since 4N C consists of a single region, (4N C)’ consists of everything in the diagram except
for that region. But B’ includes the region AN C and so (AN C)" U B includes everything in
the diagram, and so P(ANC) U B')=1

10a Start with a Venn diagram with all possible intersections. Then find the region AN BN C, which
is at the centre of the diagram, and label it 0.1.

Now, since 4 and B are independent, P(A N B)=P(A4)x P(B)=0.25x0.4=0.1, and as B and C
are independent P(BNC)=P(B)xP(C)=0.4x0.45=0.18. Use these results to find values for the
other intersections. P(ANBNC")=P(ANB)-P(ANnBNC)=0.1-0.1=0;
P(BNCNA)=P(BNC)-P(ANBNC)=0.18-0.1=0.08; and P(ANCN B")=0 is given in
the question.

Now find values for the remaining parts of the diagram. For example,
P(ANB'NC")=P(4A)-P(ANBNC")-P(ANCNB)-P(ANBNC)=0.25-0-0-0.1=0.15
Similarly, P(BN A'NC")=0.4-0.1-0.08=0.22 and P(CN A" B")=0.45-0.1-0.08=0.27
Finally calculate the region outside sets A, B and C,

P(AUBUC) =1-0.15-0.1-0.22-0.08-0.27 =0.18

€
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10b i There are several ways to work out the regions that comprise the set 4’ (B" U C). One way is

to determine, for each region, whether it lies in 4" and B’ U C. Alternatively, find the regions
within A" (there are four) and then note that only one of these does not lie in B U C. Summing
the three remaining probabilities yields P(A4' N (B' U (C))=0.27+0.08+0.18 =0.53

ii The required region must be contained within C. Three of the four regions in C also lie in
AU B, summing the probabilities yields P(4U B)NC)=0+0.1+0.08=0.18

¢ P(A")=1-P(A)=0.75, P(C)=0.45 and, from the Venn diagram, P(4'"C)=0.08 +0.27 =0.35.
Since P(A4")x P(C)=0.75x0.45=0.3375=0.35, the events A" and C are not independent.

11a Since P(GN E)=0, it follows that M "GN E)=0.So PIMNGNE')=P(MNG)=0.3 and
P(GNM")=P(G)-P(GN M)=0.4-0.3=0.1. This only accounts for 40% of the book club,

60% is unaccounted for, but P(E) = 0.6, so this 60% read epic fiction. So all the remaining
members who read murder mysteries must also read epic fiction. Therefore P(M N E'nNG') =0,

P(MAENG')=P(M)-P(MNG)=05-03=0.2, and P(ENM'NG')=0.6-02=04.

LD,

bi PIMUG)=P(MUGUE)-P(ENnM'nG")=1-04=0.6

€

ii Inthiscase P(MNG)U(MNE)=P(MNGNE")U(MNG NE)) and so the required
probability is M "GN E")+P(MNG' NE)=03+0.2=0.5

¢ P(G")=0.6, P(M)=0.5 and so P(G')xP(M)=0.6x0.5=0.3. Since P(G' " M)=0.2, the
events are not independent.

12a Since 4 and B are independent, P(AN B)=P(A)xP(B)=xxy=xy
b P(AUB)=P(A)+P(B)-P(ANnB)=x+y—xy
¢ P(AUB")=P(A)+P(A4'nB') and since

P(A'NnB)=1-P(AUB)=1-(x+y—xy)=1-x—y+xy this means
P(AUB)=P(A)+1-x-y+xy=x+1-x-y+xy=1-y+xyp
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Challenge
a Use that the events are independent.

P(ANBNC)=P(ANB)NC)
=P(4N B)xP(C)
=P(A4) x P(B)x P(C)

=Xyz

b Using similar logic to the identity P(4U B)=P(A)+ P(B)—P(AN B), build up to the correct
expression. First, x represents one circle and its intersections with the other two circles being
shaded. Then x + y — xy represents two circles and their intersections with the third being shaded.
Finally x + y — xy + z — xz — yz represents all three circles shaded except for where all three
intersect. From part a, the final expression is therefore x + y —xy +z—xz —yz + xyz.

An alternative approach is to start by considering 4 U B
P(AU B)=P(A)+P(B)-P(ANB)=x+y—xy

Now find the union of AU B and C
P(AUBUC)=P(AUB)+P(C)-P(AUB)NC)=x+y+z—-xy—-P((AUB)NC) (1)

(AW B)N C consists of the intersections of C with just 4, with just B and with both 4 and B
So (AUB)NC=(CNANnB)+(CNBNA)+(ANBNC)

Consider the probabilities of each of these three regions in turn

P(AN BN C)=xyz from part a

P(CNANB)=P(CNA)-P(ANBNC)=xz—-x)yz
P(CNBNA)=P(CNB)-P(ANBNC)=yz—xyz

So P(AUBYNC =xz—xyz+ yz—Xxyz+Xyz=Xxz+ yz —X)Z (2)

Now substitute the result for P(4U B) N C from equation (2) into equation (1). This gives
P(AUBUC)=x+y+z—xy—xz—yz+xyz
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Challenge
¢ First understand the region on a Venn diagram. The set A\ B’ corresponds to the shaded regions:
g
A B
c

Therefore the set (AU B")NC corresponds to the shaded regions:

g

The unshaded part of C is the region CN BN A’
P(CNBNA)=P(CNB)-P(ANBNC)=yz—-xyz
So P(AUB')YNC)=P(C)-P(CNBNA)=z-yz+xyz
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