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Integration 11E  

1 a 1  dx x x+∫   
  Let 1u x= +   

  d 1
d
u
x
=   

  So d  can be replaced by d .x u   

  So
1
2( 1)  dI u u u= −∫   

  
3 1
2 2( ) du u u= −∫  

  

5 3
2 22 2

5 3
u u c= − +   

  

5 3
2 22(1 ) 2(1 )

5 3
x x c+ +

= − +  

 

 b 1 sin  d
cos

x x
x

+
∫   

  Let sinu x=   

  d cos
d
u x
x
=   

  dSo d  can be replaced by .
cos

ux
x

 

  So 2

1  d
co

 
s

uI u
x

+
=∫  

   2

1  d
1 si

 
n
u u

x
+

=
−∫  

  2

1  d
1

u u
u
+

=
−∫  

  1  d
1

u
u

=
−∫  

  ln 1 u c= − − +   

  ln 1 sin x c= − − +  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 c 3sin  dx x∫   
  Let cosu x=   

  d sin
d
u x
x
= −   

  So sin d  can be replaced by d .x x u−  
  Now 3 2sin sin (1 cos )x x x= − ,  
  so 2sin (1 cos  d )I x x x= −∫   

  2( 1)  du u= −∫  

  
3

3
u u c= − +   

  
3cos cos

3
x x c= − +  

 

 d 2  d
( 4)

x
x x −∫   

  Letu x=   

  d 1
d 2
u
x x
=   

  dSo  can be replaced by 2d .x u
x

  

  So 2

4  d
( 4)

I u
u

=
−∫   

  4  d
( 2)( 2)

u
u u

=
− +∫  

  1 1  d
2 2

u
u u

 = − − + ∫  

  ln 2 ln 2u u c= − − + +   

  2ln
2

x c
x
−

= +
+
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1 e 2sec tan 1 tan  dx x x x+∫   

  Let 2 1 tanu x= +   

  2d2 sec
d
uu x
x
=   

  2So sec d  can be replaced by 2 d .x x u u   
  So 22 ( 1)  dI u u u u= −∫   

  ( )4 22 2  du u u= −∫  

  
5 32 2

5 3
u u c= − +   

  

5 3
2 22(1 tan ) 2(1 tan )

5 3
x x c+ +

= − +  

 
 f 4sec  dx x∫   
  Let tanu x=   

  2d sec
d
u x
x
=   

  2So sec d  can be replaced by d .x x u  
  Now 2 2sec 1 tanx x= +   
  So 2 2(1 tan )sec  dI x x x= +∫   

  2(1 ) du u= +∫   

  
3

3
uu c= + +   

  
3tantan

3
xx c= + +   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2 a 
5

0
4  dx x x+∫  

  Let 4u x= +   

  d 1
d
u
x
=   

  So d  can be replaced by d .x u  
   

x u 

5 9 

0 4 

 

  So
9

4
( 4)  dI u u u= −∫   

  
3 19
2 2

4
( 4 ) du u u= −∫  

  
95 3

2 2

4

2 8
5 3

u u
 

= − 
 

  

  486 216 64 64
5 3 5 3

   = − − −   
   

  

  506
15

=   

 

b 
2 3

0
(2 )  dx x x+∫  

  Let 2u x= +   

  d 1
d
u
x
=   

  So d  can be replaced by d .x u  
   

x u 

2 4 

0 2 

 

  So
4 3

2
( 2)  dI u u u= −∫   

  
45 4

25 2
u u 

= − 
 

  

  1024 256 32 16
5 2 5 2

   = − − −   
   

  

  768 16 784 392
10 10 10 5

= + = =   
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2 c 2
0

sin 3cos 1 dx x x
π

+∫  

  Let cosu x=   

  d sin
d
u x
x
= −   

  So sin d  can be replaced by d .x x u−  
   

x u 

2
π   0 

0 1 

 

  So
10
2

1
(3 1)  dI u u= − +∫   

  Consider 
3
2(3 1)y u= +   

  ( )
1
2

d 9 3 1
d 2

y u
u
= +   

  ( )
01

2

1

2 3 1
9

I u = − +  
 

   2 16 14
9 9 9

= − + =   

 

 d 3
0

sec tan sec 2  dx x x x
π

+∫  

  Let secu x=   

  d sec tan
d
u x x
x
=   

  So sec tan d  can be replaced by d .x x x u  
   

x u 

3
π   2 

0 1 

 

  So
12
2

1
( 2)  dI u u= +∫  

  
23

2

1

2 ( 2)
3

u
 

= + 
 

  

  16 2 3
3

= −   

 
 
 

2 e 
4

1

d
(4 1)

x
x x −∫   

  Letu x=   

  d 1
d 2
u
x x
=   

  dSo  can be replaced by 2d .x u
x

  

   
x u 

4  2 

1 1 

 

  So 
2

21

2  d
(4 1)

I u
u

=
−∫   

  
2

1

1 1  d
2 1 2 1

u
u u

 = − − + ∫   

  
2

1

1 1ln 2 1 ln 2 1
2 2

u u = − − +  
  

  1 1 1 1ln 3 ln 5 ln1 ln 3
2 2 2 2

= − − +   

  1ln 3 ln 5
2

= −   

  1 1ln 9 ln 5
2 2

= −   

  1 9ln
2 5

=   

 
3 a 5(3 2 )  dx x x+∫  
  Let 3 2u x= +   

  d 2
d
u
x
=   

  So 2d  can be replaced by d .x u   

  5( 3)  d
4

uI u u−
= ∫  

  
6 53  d

4
u u u−

= ∫  

  
7 63

28 24
u u c= − +   

  
7 6(3 2 ) (3 2 )

28 8
x x c+ +

= − +  
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3 b  d
1
x x

x+∫  

  Let 1u x= +   

  d 1
d
u
x
=   

  So d  can be replaced by d .x u   

  1
2

( 1)  duI u
u

−
= ∫  

  2
1
2

1

 dI u u u
− 

= − 
 
∫  

  
3 1
2 22 2

3
u u c= − +   

  
3
22 (1 ) 2 1

3
x x c= + − + +   

 

 c 
2 4  dx x
x
+

∫  

  Let 2 4u x= +   

  
1

2 2d ( 4)
d
u xx x
x u

−
= + =   

  du uI u
x x

= ×∫  

  
2 2

2 2d d
4

u uu u
x u

= =
−∫ ∫  

  1 11 d
2 2

u
u u

 = + − − + ∫   

  ( )ln 2 ln 2u u u c= + − − + +   

  
2

2

2

4 24 ln
4 2

xx c
x
+ −

= + + +
+ +

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4 a 
7

2
2  dx x x+∫  

  Let 2u x= +   

  d 1
d
u
x
=   

  So d  can be replaced by d .x u  
   

x u 

7 9 

2 4 

  

  So 
9

4
( 2)  dI u u u= −∫  

  
95 3

2 2

4

2 4
5 3

u u
 

= − 
 

  

  486 108 64 32
5 3 5 3

   = − − −   
   

  

  886
15

=   

 

 b 
5

2

1  d
1 1

x
x+ −∫  

  Let 1u x= −   

  d 1 1
d 22 1
u
x ux
= =

−
  

  So d  can be replaced by 2 d .x u u  
   

x u 

5 2 

2 1 

 

  So 
2

1

2  d
1

uI u
u

=
+∫   

  
2

1

12 1  d
1

I u
u

 = − + ∫  

  
2

1
2 2 ln 1u u=  − +     

  (4 2 ln 3) (2 2ln 2)= − − −   
  2 2 ln 2 2ln 3= + −   

  22 2ln
3

= +   
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4 c 2
0

sin 2  d
1 cos

π θ θ
θ+∫  

  Let 1 cosu θ= +   

  d sin
d

u θ
θ
= −   

  dSo d  can be replaced by .
sin

uθ
θ

 

   
θ   u 

2
π   1 

1 2 

 

  So 
1

2

2sin cos d 
sin

uI
u
θ θ

θ
= −∫  

  
1

2

2(1 )  du u
u
−

= ∫  

  
1

2
2 ln 2u u=  −    

  2 (2 ln 2 4)= − − −   
  2 2 ln 2= −   
 

5 
20

6

8  d
4 1

x x
x +∫  

 Let 2 4 1u x= +   

 d2 4
d
uu
x
=   

 So d  can be replaced by d .
2
ux u    

x u 

20 9 

6 5 

 

 So 
29

5

2( 1)  d
2

u uI u
u
−

= ∫   

 
93

53
u u
 

= − 
 

  

 792 1259 5
3 3

   = − − −   
   

  

 592
3

=   

 
 

6 
4ln 4

ln3

e  d
e 2

x

x x
−∫  

 Let 2 e 2xu = −   

 2d2 e 2
d

xuu u
x
= = +   

 2

2So d  can be replaced by d .
2

ux u
u +

 

  
x u 

ln 4 2   

ln 3 1 

    

 
2 32

1

2( 2)  duI u
u
+

= ∫  

 
2 5 3

1

162 12 24  dI u u u u
u

 = + + + 
 ∫  

 
2

6 4 2

1

1 3 12 16ln
3

u u u u = + + +  
  

 70 8ln 2
3

= +   

 70, 3, 8, 2a b c d= = = =   
 

7 
2

1  d
1

x
x

−
−

∫   

 Let cosx θ=   

 d sin
d

x θ
θ
= −   

 So d  can be replaced by sin  d .x θ θ−  

 2 21 1 cos sinx θ θ− = − =   

 1 ( sin ) d 1 d
sin

I θ θ θ
θ

= − − =∫ ∫   

 cθ= +   
 arccos x c= +   
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8 3 23
0

sin cos  dx x x
π

∫  

 Let cosu x=   

 d sin
d
u x
x
= −   

 dSo d  can be replaced by .
sin

ux
x

−  

   
x u 

3
π   1

2
  

0 1 

 
1

2 22
1

(1 )  dI u u u= − −∫   

 
1

2 22
1

( 1)  dI u u u= −∫  

 
1

4 22
1

( ) du u u= −∫  

 

1
5 3 2

15 3
u u 

= − 
 

  

 1 1 1 1
160 24 5 3
   = − − −   
   

  

 47
480

=   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

9 
3

2 22
1
2

1  dI x x x= −∫   

 Let dsin cos
d

xx θ θ
θ

= ⇒ =   

   
x θ   

3
2

  3
π   

1
2

  
6
π  

 

 2 23

6

sin  cos  dI
π

π θ θ θ= ∫  

 23

6

1 sin 2  d
4

π

π θ θ= ∫  

 ( )3

6

1 1 cos 4  d
8

π

π θ θ= −∫  

 
3

6

1 1 sin 4
8 4

π

π
θ θ  = −    

  

 1 3 3
8 3 8 6 8

π π    
= + − −            

  

 1 3
8 6 4

π 
= +  

 
 

 2 3 3
96

π +
=   
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Challenge 
 

 
2 2

1  d
9

x
x x−
∫  

 Let 3sinx u=   

 d 3cos
d

x u
u
=   

 So d  can be replaced by 3cos  d .x u u  

 
2 2

3cos  d
9sin 9 9sin

u u
u u−

∫  

 2

3cos  d
9sin 3cos

u u
u u

= ∫  

 21 cos ec  d
9

u u= ∫  

 1 cot
9

u c= − +   

 cos
9sin

uI c
u

= − +   

 

 
2 2

2 9cos 1 sin 1
9 3
x xu u −

= − = − =   

   

 

29
3

9
3

x

I cx

−

= − +   

 
29

9
x c

x
−

= − +   

 
    
 
 
    
 


