Pure Mathematics Year 2 SolutionBank

Functions and graphs Mixed exercise 2

1l a b Intersection point A:

% 2(x+1)=2-x

2X+2=2-X
3x=0

/ . x=0

o X Intersection point B is on
the reflected part of the

modulus graph.

y=x+1

- —2(x+1)=2-x
' —2X-2=2-X
-x=4
X=-4
2
Ly
A
3 ¢ /
/=2|.\+l| ¢ E)
0 b - .
Minimum value of y =|2x-11] is
11
=0atx=—
y 2

For two distinct solutions to

|2x-11 :%x— k , we must have

B
lx—k>0atx=E
2 2
1 xE+k>0
2 2
k>—E
4

y=2-x
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3
4 a y:|12—5x|:5—(x—gj‘
5
y‘\ y= |5x72| .
Start with y =||
y=|tx+s]
v=14 o 12| . .
4 B y = X_E is a horizontal
2
> translation of +E
o2 x 5
5
y
v= x4
1_\2 5
At A: i \/
—(5x-2) :—1x+8
4 [0} 12 x
20X +8=—X+32 ’
-19x=24
__ 24
19 12
At B: y =5|x——| is a vertical stretch,
1 5
5X_2=‘ZX+8 scale factor 5
20Xx—8=—-x+32 y
21x =40
L%
21 \ .
So the solution are ol \ x
24 40
X=——and x=—
19 21

b The graphs do not intersect, so there
are no solutions.
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5 a i One-to-many. d i Many-to-one.
ii Not a function. ii Is a function.

VA
A |

Y

a

—
g

x value a gets mapped to two

values of y. 5 e i One-to-one.
x value b gets mapped to no il Not a function.
values. Vi
b i One-to-one.
ii Is a function.
Vi = >
: a X
X value a doesn’t get mapped to
any value of y. It could be
redefined as a function if the
/ domain is said to exclude point a.
a X _
f i One-to-one.
ii Not a function for this domain.

yi
c i Many-to-one.

ii Is a function. /
Vi /

a X

x values less than a don’t get
mapped anywhere. Again, we
could define the domain to be
x < a and then it would be a
function.

=Y
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6 a 7 a pg(x) =p(2x+1)

=(2x+1)2+3(2x+1)—4
Vi =4x>+4x+1+6x+3—4
(6. 4) =4x%+ 10x, xe R

b qq(x) =q(2x +1)
(-2, 2) =2(2x+1)+1
=4x+3

pg(x) = qq(x) gives
: 4x% + 10x = 4x + 3
(1, -1) 4> +6x—3=0

Forx < 1, f(x) = —x
This is a straight line of gradient —1. Using the formula:
At point x =1, its y-coordinate is —1. 6+ \/62 —4x4x(-3)
X =
2x4

Forx>1, f(x)=x-2 X__Gi\/@
This is a straight line of gradient +1. B 8
At point x =1, its y-coordinate is also —1. o —6+2+/21

8
Hence, the graph is said to be continuous. X = —3+4/21

4

b There are two values x in the range _ S
1 8 a y=2x+7Iisastraight line with

—2 < x< 6 forwhich f(x) = ) gradient 2 and y-intercept 7

VA Va gx)=2x+7
‘7._<
a b N
5 5 X
= 0
) ) Forx >0, therangeisg(x) > 7
Point a is where b The range is g_l(X) > 0.

1 1 To find the equation of the inverse
X=X function, you can use a flow chart.
Point b is where e /g\
X—2=—1:> lel X 2% /s R
Hence, the values of x for which +2 -7
f(x) :—1 are X :l and x :1l

2 2 2
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_ X—7 .
g7 (x) :Tand has domain x > 7

Vi gx)=2x+7

g *(x) is the reflection of
g(x) in the liney = x.

9 a To find f*(x), you can change the
subject of the formula.
2X+3

x-1

y(x—-1)=2x+3

YX—y=2X+3
yX—-2X=y+3
x(y—-2)=y+3
_y+3
_E

Therefore f(x) = XL; XeR, x> 2

Lety=

X

b Domain f(x) = Range f*(x)
~.Range f(x)={yeR,y>1

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

10a f(x)=

X 1

x?-1 x+1

B X 1

T (x+)(x=1)  (x+1)

B X x-1
T (x+D)(x-D)  (x+1)(x-1)
_ X=(x-1)

T (x+1)(x-1)

~ 1

C(X+D)(x-1)

b Consider the graph of

y :; forxeR :
(x=1)(x+1)

f(x)

(0, =1)

For x>1,f(x)>0

1
‘ gf(x):g((x_l)(x_l_l)j

2

N
(x=D(x+1)

oy (x=1)(x+1)
1

=2(x-1)(x+1)

gf(x)=70=2(x-1)(x+1) =70
(x=1D(x+1) =35
x> -1=35
x* =36
X=06
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1la f(7)=4(7-2)
=4x5
=20
g8)=3*+1
=27+1
=28

h(-2) =372

1
3
1

©

b f(x)=4(x-2)=4x-8

This is a straight line with gradient 4

and intercept —8.

The domain tells us that x > 0, so the

graph of y=f(x) is:
VA f(x)

—8
The range of f(x) is
f(x)eR,f(x) > -8

g(x)=x>+1

Vi

2(x)

The range of g(x) is g(x) e R

=V

SolutionBank

c Lety=x’+1
(change the subject of the formula)
y-1=x°
Jy—1=x
Hence g} (x) = ¥x -1 {x e R}

d fg(x)=f(x*+1)
=4(x*+1-2)
=4(x*-1),xeR, x>-1

e First find gh(x) :

gh(x) =9(3")
=(3)’+1
=3 +1

gh(a) =244

3% +1=244
3% =243
333 — 35
3a=5

a==
3

f First find f(x)
Lety =4(x-2)
(changing the subject of the formula)
Y _x-2
4
X+2:x
4

Hence f(x) :§+2

fAx)=-
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12a f exists when f is one-to-one.

Now f(x) = x> + 6x — 4
Completing the square:
f(x) = (x +3)2— 13
The minimum value is
f(x)=-13 whenx+3 =0
= Xx=-3
Hence, f is one-to-one when X >-3
So least value of aisa = -3

b Lety=f(x)
y=x*+6x—4
y=(x+3)°-13

y+13=(x+3)?
X+3=,y+13

X=4Yy+13-3

So fl:x—>+x+13-3

Fora =0, Range f(x) is y >4
So Domain f(x) is x> —4

13a f:x—4x-1
Lety =4x—1and change

the subject of the formula.

= y+1=4x
- x=Yt
4

Hence f_lZXH%, XxeR

b gf(x)=g(4x-1)
~ 3
C2(4x-1)-1
3
8x-3

Hence gf : x> _3
8x—-3
gf (x) is undefined when 8x-3=0

That is, at x :g

.. Domain gf(x) = {x eR,x# g}

SolutionBank

c If 2f(x)=g(x)
3
2x-1
3
2x—-1
(Bx—2)(2x-1)=3
16x* —12x+2=3

2x(4x-1) =

8x—-2=

16x° -12x-1=0
2
Use X — —b++/b*-4ac
2a
witha=16, b=-12 and c =-1.
Then x = 12++/144+64
32
12+ \/208
32
=0.826,-0.076

Values of x are —0.076 and 0.826

X

x—2

y(x—2)=x

yx—2y =X (rearrange)
yX—X =2y

x(y-1) =2y

_ 2y

-1

X

14a Lety=

X

2

f‘l(X)=E,

X=1

b The range of f*(x) is the domain
of f(x):

{0 eR, f1(x)=2}
15

c gﬂlazg(IE:Ej
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b From the diagram, you can see

14d If g(x)=f(x)+4 there are two values of x for which
3 X n(x) =50
—=— 14 ,
X XxX—2 J4
3(X—2) = X% + 4x(X—2) N 50 /
3x—6= x> +4x* —8x | ‘
0=5x*-11x+6
0=(5x-6)(x-1)
= X= 6 1
5
15 y =5-x is a straight line with gradient g a %
—1 passing through 5 on the y axis. The negative value of x is where
y = x* is a w-shaped quadratic passing 5-x=50
through (0,0) Xx=5-50
X =-45
Vi The positive value of x is where
y=5-x y=x X2 =50
x =/50
X =52
The values of x such that n(x) =50
5 are —45 and +5+/2
16a
X LU |
i i y=tanx
a n(-3)=5-(-3) i 5 .
=5+3 -180 -90 90 80 %
n(3) =32 i i
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16b y=|tan(x)| reflects the negative c
parts of tan x in the x axis. 4 T A6, 3) /
! YA ! /\ »
: | / \J/ =~
| \ ¥ =[tanx] ‘ B(11,-3)
. : i — > d y=f(&x+2) can be written as
-180 -90 O 90 180 % y=rGx+2)

y=f(3(x+4))
y=f(3%)
Horizontal stretch, scale factor 2.

S B(18, 3)
i
y = tan|x| \ /\

0 o x
A(8, -3)

y=F(} (x+4)

Horizontal translation of —4

¢ y=tan(|x|)reflects tanxin the
y-axis.

0
###ij
|
_________@._ ——— e = = ———— = —
—
>
MR ____TZ
=]
[ 4]
=
EA

YA B(14, 3)
17a
YA B(4.5, 4) \ /\
\ o x
N A4, -3)
0 \v4 \ x
A(2,-2)
18a g(x) =0
b b gf(x) =g(4 —x)
A =3(4 - X)2

B(9,3 =3x?—24x + 48
A4 3) (9, 3)
gf(x) = 48
x

3x? — 24x + 48 = 48
32 —24x=0
3X(x—-8)=0

x=0o0rx=8
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18c
¥
4
O| 4 .;:1:
[f(x)| =2 when [4—x|=2, so
4-x=2=>x=2
or —(4-x)=2=>x=6
19a

VA

=Y

o /(5,0

0, —a)

For y=|2x—a|:
Whenx=0,y=|-al|=a (0,a)
Wheny =0, 2x—a=0

ooy2 (E,o
2

Y

0, a)

o 4o

SolutionBank

19b y=7f(2x)

Horizontal stretch, scale factor %

Vi
y = f(2x)
0, a)
o 4,0 %
c |2x—a|:%x
Either (2x—a) =%x
:>a=%x
Given that x = 4,
a=ﬁ=6
2
Or
1
—(2x—a)==x
(2x-2)=7
5
=a=—X
2

Given that x = 4,
5x4
a= =
2

10
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20a C y=—|x-2a
Reflect y =|x —2a| in the x-axis

i

y=x-2u
0| ' 0 (24, 0) X
(0, —2a) (9;=28)
For y=|x-2aj|:
Whenx=0, y=|-2a|=2a (0,2a)
Wheny =0, x-2a=0 y =a—|x—2a| Vertical translation by +a

= x=2a (2a,0)
For y=a—|x-2a|:

> When x =0,
y=a—|-2a|
=a-—2a
(0, 2a) =-a (0,-a)
Wheny =0,
. a—|x-2a|=0
o (2a, 0) X x_2a]a
b |x—2a|=1x Eitherx—2a=a
3 1 = x=3a (3a,0)
Either (x—2a):§x or —(x-2a)=a
1 = —X+2a=a
—=Xx=2a
=X 3X = X=a (a,0)
= EX:Za Vi
3
= x=3a
1
or —(x—2a)==x
=203 Pk .
0 (a, 0) (3a, 0) X
:>—x+2a=%x 0, —a) /
= ﬂx=2a
3
= X=-a
2
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21la & b

Vi

/ y=2x+a
(0, —2a) /

0

Fory=|2x+al:
Whenx=0, y=al=a (0, a)

Wheny =0, 2x+a=0

a
= X=——

C Intersection of graphs in b
gives solutions to the equation:

|2x+a|:1

X

X|x+a|=1
x|2x+a|-1=0

The graphs intersect once only, so
X|2x+a|-1=0has only one

solution.

o |

d The intersection point is on the non-

22a

reflected part of the modulus graph,
so here |2x—a|=2x-a

X(2x+a)-1=0

2x* +ax—1=0

E a’+8
4

As shown on the graph,

X is positive at intersection,

—a++a*+8

4

SO X=

f(X)=x*—7x+5Inx+8
f'(x)=2x—7+E
X

At stationary points,f'(x) =0:
2X—T+ > 0
X

2x2—-7x+5=0
(2x-5)(x-1) =0

X=§, x=1
2

Point A: x =1,
f(x)=1-7+5In1+8
=2
Ais (1, 2)

Point B : x=§,
2

f(x):§—§+5ln§+8
4 2 2

:5In§—E

2 4

B is E,SInE—E
2 2 4
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22b y=f(x-2)
Horizontal translation of + 2.
Graph looks like:

Y

y=-3f(x—-2)
Reflection in the x-axis, and
vertical stretch, scale factor 3.

Graph looks like:

v

4

c

23a

Using the transformations,
point (X, Y)
becomes (X +2,-3Y)

@,2) — (3,-6)

Minimum

E,SInE—E -

2 2 4
g,§—15lnE
2 4 2

Maximum

The range of f(x) is —2 < f(x) < 18
ff(-3) = f(-2)

Using f(x) = 2x + 4
f(-2)=2x(-2)+4=0

1
18+

W

5-35-20

H_
=Y

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 13



Pure Mathematics Year 2

23d Look at each section of f(x)

separately.
SL<xg -3

it =_—2—6 __
Gradlent—_s_ 5" 4

S F(X) = (-2) =—4(x—(-3)) = f(x) =—4x-14
So in this region, f(x) =2 when x=-4

.. fg(x) = 2 has a corresponding solution if
g(x)=—4=g(X)+4=x"-Tx+14=0
Discriminant (=7)* —4(1)(14) = -7 <0

So no solution

18-(-2) 9
7-(-3)
SF(X)-(-2)=2(x—(-3)) = f(x) =2x+4
So in this region, f(x) =2 when x=-1

. fg(x) = 2 has a corresponding solution if

9(x)=-1=>g(x)+1=x"-7x+11=0
DD 400D 7245

200) )
7++5 7-5
2 2

-3 < x < 7: Gradient =

SX=

or X=

24 a The range of p(x) is p(x) < 10

b p(x) is many-to-one, therefore the
inverse is one-to-many, which is not
a function.

c At first point of intersection:
2(x+4)+10=-4
2x +18=—-4
x=-11
At the other point of intersection:
—2(x+4)+10=-4
—2X+2=-4
X=3
-11<x<3

SolutionBank

d For no solutions, p(x) > 10 at x =—4

So —%x+k >10 atx=-4

—%(—4)+k>10

2+k>10
k>8

25a Completing the square
3x% —12x+20 =3(x* —4x) + 20
=3((x—2)*-4)+20
=3(x—2)*-12+20
=3(x-2)°+8

b g0 ==
3x*-12x+20 3(x-2)*+8
The maximum value of g(x) is 3
(when x = 2)
As x approaches infinity, g(x)
approaches 0
Therefore the range is0 < g(x) < %

Challenge
a

[V
b y=(@+x)(a—x)
Wheny=0,x=-aorx=a
Whenx =0,y = a?
(—a, 0), (a, 0), (0, @?)

¢ Whenx=4,y=a?—x?

=a’—16

and y=x+a
=4+a

a?—16=4+a

a?—a—-20=0

(@a-5(@+4)=0

Asa>1a=5
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